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Foreword

This handbook is intended to be a guide for researchers in universities and industries and for design-
ers who wish to use artificial materials for electronic devices in the whole frequency spectrum, from
megahertz to optical frequencies.

Artificial materials, often called metamaterials, are artificial electromagnetic media whose physical
properties are engineered by assembling microscopic and nanoscopic structures in unusual com-
binations. The study of these materials breaks the traditional frontiers and brings together many
disciplines such as physics and microfabrication; electromagnetic theory and computational meth-
ods; optics and microwaves; and nanotechnology and nanochemistry. Their possible applications
range from electronics and telecommunications to sensing, medical instrumentation, and data stor-
age. Therefore, research in the field of artificial materials requires a multifaceted understanding of the
fundamentals of science as well as the scientific and technological needs of potential applications.

The topics contained in this handbook cover the major strands: theory, modeling and design, appli-
cation in practical devices, fabrication, characterization, and measurement. The strategic objectives
of developing new artificial materials require close cooperation and cross-fertilization of the research
in each subarea.

We, thus, felt the need to organize in two volumes all possible aspects of the results of various years
of research in this exciting field. A few books on metamaterials have been published in these years
but we believe that this handbook has a different aim. Topics are presented here in a concise manner,
with many references to details published elsewhere, covering most of the areas where artificial mate-
rials have been developed to provide a reference guide in this difficult and broad multidisciplinary
field. Most of the authors included in this handbook were associated with the European Network of
Excellence “Metamorphose” (METAMaterials Organised for Radio, millimeter wave, and PHOtonic
Superlattice Engineering), and this work is a result of a coordinated integration of the various experts
in this network. Metamorphose gave us a rare opportunity to collect a large variety of disciplines in
two volumes. We would like to thank the European Project Officer Anne de Baas, who, with profes-
sionalism and dedication, stimulated our work while also providing valid suggestions. Other selected,
internationally renowned experts in the field of metamaterials have also contributed as authors.

The Editor
Filippo Capolino, University of California Irvine (previously with the University of Siena)

Advisory Board

Sergei A. Tretyakov, Helsinky University of Technology
Stefan Maier, Imperial College

Ekmel Ozbay, Bilkent University

Ari Sihwola, Helsinky University of Technology
Yiannis Vardaxoglou, Loughborough University

xi
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Preface

I am very thankful to all the authors who have contributed these informative chapters and to my
Metamorphose™ friends and colleagues for the fun and stimulating time we spent together as profes-
sionals. I am particularly grateful to the advisory board whose work, encouragement, and advice have
been fundamental. When I proposed the idea of writing this handbook, a book that summarizes the
various topics divided into many related chapters, also indicating more detailed sources to the inter-
ested reader to my Metamorphose friends and colleagues, they were all enthusiastic to contribute one
or more chapters each. Then I invited some of the best experts in the field of metamaterials outside
Metamorphose. I have invested a large amount of time and energy in pooling together the people
and information collected in this project.

Since the aim of the two-volume handbook is to provide a reference guide that summarizes the
state-of-the-art in the field of electromagnetic artificial materials, often called metamaterials, I have
waited for the field to become mature, to a certain degree, before finalizing the project. In this hand-
book, the term “metamaterials” is used in a broad sense. With this term, we denote general composite
materials made of specific micro- or nanoscatterers, whose ensemble exhibits the peculiar electro-
magnetic properties shown here. Some topics related to photonic or electromagnetic crystals are also
summarized here because of their use in modern electrical engineering, and because their electro-
magnetic performance is due to the collective interaction of the micro- or nanoconstituents via the
hosting element. According to many researchers, it is required that periodic metamaterials have a
periodicity length much smaller than the operating wavelength. However, the boundary between
metamaterials and other artificial materials based on the ratio of the size of the constitutive cells
and the operating wavelength is not clearly defined, especially for the state-of-the-art metamaterials
at optical frequencies where fabrication technology and power losses still represent the major chal-
lenge. Researchers have suggested different definitions for the term “metamaterials”; an example of
a broad vision can be found in Refs. [1,2]. However, the aim of this handbook is not to propagate a
specific definition but to provide a reference guide for researchers who are interested in the particular
properties of composite artificial materials.

I hope that the efforts that have gone into writing this handbook will be useful for many others.

Filippo Capolino
University of California, Irvine, California

MATLAB® is a registered trademark of The MathWorks, Inc. For product information, please
contact:

The MathWorks, Inc.

3 Apple Hill Drive

Natick, MA 01760-2098 USA
Tel: 508 647 7000

Fax: 508-647-7001

E-mail: info@mathworks.com
Web: www.mathworks.com

* Metamorphose is the FP6 Network of Excellence of metamaterials, “METAMaterials Organised for Radio, millimeter
wave and PHOtonic Superlattice Engineering’, funded by the European Union, FP6, contract number FP6/NMP3CT-
2004-500252.
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1.1 Introduction

The modern history of “electromagnetic metamaterials,” often called simply as “metamaterials”
(MTM) can probably be counted from the seminal paper [1] where an ambitious goal to create a
so-called perfect lens was put forward by J. B. Pendry. For such a “lens” one needs to design an arti-
ficial medium which would possess specific properties, not observed in natural materials. Namely,
the perfect lens material should be a medium with both negative permittivity and permeability in
the same frequency range. In fact, the light focusing in the planar lens studied in [1] was previously
considered by V. G. Veselago [2]. This review paper was devoted to phenomena that would occur in
strange “left-handed” media (media with € < 0 and p < 0). Such media did not exist at that time but
could be imagined as possible “composites of the future” Notice, that V. G. Veselago in the period
before the paper [2] had believed that such media could be found among homogenous magnetic
semiconductors fabricated chemically. However, no magnetic semiconductors with doubly negative
material parameters had been obtained and this failure was reported in [2]. In [3,4] it was empha-
sized that such media should be strongly dispersive (resonant) composites. In [2] the inverse effect
in the Cerenkov radiation of a charge moving through a left-handed medium, the inversion of the
Doppler shift in it and the “negative refraction” of optical rays at its interface were reviewed. It was
pointed out that a slab under the condition € = g = -1 will focus a diverging light beam. Under the
condition d = 2D where d is the thickness of the left-handed slab and D is the distance from the slab
interface to the source, the light will be focused at the point distanced by D from the back interface
without aberrations and reflections. However, V. G. Veselago missed in this work the great opportu-
nity indicated by J. B. Pendry: the perfectness of this pseudo-lens,” i.e., the infinitesimal size of the
focal spot corresponding to a point source.

* It is not a lens in its optical meaning since it does not focus a parallel light beam. It focuses only diverging beams. V. G.
Veselago suggested the term pseudo-lens in [5].

1-1
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1-2 Theory and Phenomena of Metamaterials

The perfect lens described in [1] is not attainable as any other perfectness [5]. But it is an exciting
task to approach to this perfect image, i.e., to obtain a subwavelength image in the far zone of a source.
It has been known since works of Lord Rayleigh that the diffraction imposes a limit to the focal spot
size. This limit is the main restriction in what concerns the spatial resolution of two closely positioned
point sources or the imaging of small-scale details in complex sources [6]. The best possible resolution
and the smallest size of the focal spot offered by lenses™ is approximately equal to 0.4\. This result
for the focal spot diameter is still considered as not subwavelength imaging and is allowed by the
diffraction limit. It practically corresponds to the focusing in a so-called solid immersion lens [7] or
in dielectric spheres of certain optical size' [8].

The diffraction limit, however, implies that the image is created only by propagating waves, and
the subwavelength information contained in “evanescent waves,” exponentially decaying with the dis-
tance from the field source, is lost in the image domain. In the so-called near-field optical microscopy
the spatial resolution is not restricted by the diffraction limit since the probe in this technique detects
not the wave field components but also the near field close to the surface of the source (object). The
image is created, usually, after scanning the probe (tip) over the surface. From the theoretical point
of view the subwavelength details of the object are retained since the evanescent waves produced
by these details are detected by the probe. The near-field scanning optical microscopes (NSOM)
were invented by G. Binnig and H. Rohrer [9].F The evanescent waves used in this high-resolution
microscopy exist only in the near zone of sources. Practically, they are detectable by NSOM at the
distances of the order of 10 nm and less [10,11].

Studying the pseudo-lens design suggested by V. G. Veselago, J. B. Pendry revealed the mechanism
that allows one to redistribute the evanescent (near-zone) fields in the space so that the evanescent
waves are transported far from the source and take part in the formation of the far-field image. In
this way one can theoretically beat the diffraction limit. This sounded exciting for specialists in the
photolithography, recording and reading optical information and for experts in all domains where
the near-field scanning technique cannot be practically used.

The ideas of [1] gave a strong impulse to the development of artificial materials with doubly negative
constitutive parameters. In fact, theoretical papers seldom evoke such consequences. The situation
with this publication was so special because the publication of [1] resonated with the simultaneous
issuing of paper [4]. In this paper the first design of a structure with € < 0 and pt < 0 was suggested and
numerically studied.® These two seminal publications were germs of the new tree in the garden of the
electromagnetic science: the electromagnetics of metamaterials. The term “metamaterials” was intro-
duced and established in 2002-2004 in interdisciplinary scientific conferences for radio and optical
engineers (such as Progress in Electromagnetics Research, Bianisotropics, and others). The modern
concept of metamaterials is discussed below.

The electromagnetics of MTM is now a whole branch of modern science. It rose not only from
pioneering works [1-4]. A long period of accumulation of knowledge resulted recently in a large
number of publications on MTM. A chapter on metamaterials appeared in a monograph pub-
lished in 2003 [12]. Three monographs totally devoted to metamaterials [13-15] appeared in a very
short time (2 years) after establishing the appropriate terminology, and more are coming to the
market.

Fortunately, the needed knowledge was accumulated by rather few specialists having enough broad
vision over the electromagnetic science, while many of the modern engineers are specialists perhaps

* Following to the Rayleigh criteria.

T The result of the focusing in the second case is narrow but long focal spots called photonic nanojets.

¥ This invention together with the tunnel microscope developed in the same scientific group was awarded the Nobel Prize
in 1986. More knowledge on the near-field microscopy can be obtained from [10,11].

$ Earlier results for doubly negative composites than reported in [4] are possible, but for the instance are unknown.
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Historical Notes on Metamaterials 1-3

experienced and skillful but in a rather narrow domain. As a result, the specialists that developed con-
cepts of negative refraction, artificial dielectrics, artificial magnetics, and artificial plasma are often
considered as founders of these directions in applied electromagnetics. This is not a fruitful point of
view. When we attribute artificial magnetism only to [16] and artificial plasma only to [17]* we behave
as if there were nothing known about these subjects before. It is not only odd to ignore previous works,
it is not instructive. The theoretical and practical potential of the concept of metamaterials is defi-
nitely not exhausted by the recent implementations. Therefore, textbooks and handbooks should pay
attention to most important old works.

1.2 Prehistory of Metamaterials

1.2.1 Artificial Dielectrics

In 1948, W. E. Kock suggested to make a dielectric lens lighter by replacing heavy high-permittivity
refractive materials with a mixture of small metal spheres in a light-weight matrix [18]. The artificial
dielectric material was defined in this pioneering work as a composite reproducing, on a much larger
scale, processes occurring in the molecules of a usual dielectric. This involved arranging metallic
elements in a three-dimensional (3D) array or lattice structure to simulate the crystalline lattices of
dielectric materials. Such an array responds to radio waves just as a molecular lattice responds to light
waves: Free electrons in the metal elements flow back and forth under the action of the alternating
electric field. Metal elements called also as lattice inclusions or lattice particles become oscillating
dipoles similar to the oscillating molecular dipoles of a natural dielectric.

This concept, however, probably was first suggested by Lord Rayleigh in his pioneering work [19].
Rayleigh considered a lattice of small scatterers (molecules modeled by spheres) whose period was
much smaller compared to the wavelength, as in a sample of an equivalent continuous medium.
Kock reproduced this concept for arrays of metal spheres and used that for practical applications.
Then this concept was developed in an important work by M. M. Kharadly and W. Jackson [20].
They calculated the effective permittivity of artificial dielectrics comprising metal ellipsoids, disks,
or rods assuming that the frequency of operation is low enough and the Rayleigh quasi-static restric-
tion holds. This restriction is usually satisfied with practical accuracy for artificial dielectrics utilized
in microwave lens antennas. In a popular book [21] as well as in the famous overview [22] one can
find a well explained quasi-static theory of artificial dielectrics. This theory is valid when the lattice
of metal particles is sparse enough, i.e., the ratio of the lattice period to the maximal particle size is
rather large (e.g., 1.5 and more). The theory of densely packed artificial dielectrics is more difficult.
It was developed by mathematicians [23-25]. Artificial dielectrics with dense packaging of metal
inclusions possess rather high losses and are not used in lens antennas. They are applied in absorb-
ing sheets. Artificial dielectrics are not necessarily regular lattices. They can be random mixtures
reviewed in [26]. Even the nonuniform concentration of particles is sometimes allowed, which offers
unusual properties of such composite media [27,28]. When the concentration of particles exceeds the
so-called percolation threshold (particles touch one another and/or the capacitive coupling between
adjacent particles is very strong) artificial dielectrics in the same low frequency range become artifi-
cial conductors with complex conductivity [29]. Their conductivity can be engineered (i.e., controlled
by the design parameters) and is in principle tunable magnetically or electrically. Artificial conduc-
tors have found applications in electromechanical devices, fuel cells, and other techniques where
controlled heating by electric current is needed.

* We do not object to the importance of the cited works, of course.
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FIGURE 1.1 SRRs in the 1950s. (From Schelkunoff, S.A. and Friis, H.T., Antennas: Theory and Practice, John Wiley
& Sons, New York, 1952. With permission.)

1.2.2 Artificial Magnetics

Magnetism without magnetic constituents has been known since 1940s due to works of S. A.
Schelkunoff and H. T. Friis that suggested so-called split-ring resonators (SRRs). Figure 1.1a repre-
sents a scanned copy of a page of the classical textbook [30] which is rather popular among specialists
in radio frequency antennas. A formula for the magnetic polarizability of an individual SRR element
derived in this old book is visible and indicates the Lorentz frequency behavior of the element.

Notice, that the “artificial magnetism” also happens in ordinary structures, like wet snow. Here,
loop-forming parts of liquid water cause diamagnetic behavior. But in lattices of SRRs the artificial
magnetism is significantly enhanced in the resonant frequency range (and it is paramagnetic at lower
frequencies).

Particles with metal loops of various shapes were studied in the 1980s [31,32]. In combination with
other shapes, also in the 1990s [33], especially in connection with artificial bianisotropic materials
for microwave applications. Polarizabilities of these bianisotropic particles in magnetic and elec-
tric fields were studied analytically, numerically, and experimentally. In Figure 1.1b another scanned
copy shows possible designs of so-called double SRRs suggested in [34] in 1994 (at the bottom the
simulated material parameters of corresponding composite media are shown). In these designs the
bianisotropy was essentially (though not completely) compensated. Such double SRRs could be used
to create artificial magnetics without chirality (see also in [35]). In [35] one finds probably the first
experimental demonstration of negative permeability in artificial microwave materials (1997).

The design with strong capacitive coupling between loops suggested in [16] turned out, however,
more appropriate for the artificial magnetism. The strong coupling of two loops allowed one to obtain
the magnetic resonance at lower frequencies. This means that the resonant frequency is low enough to
consider the lattice of SRRs as a continuous medium. Because of its planar structure SRRs suggested
in [16] and shown in Figure 1.2a as well as SRRs suggested in [36] are perhaps very practical ways
of creating artificial magnetism at microwaves. So-called Swiss roll metal scatterers reported in [37]
and depicted in Figure 1.2b (right) turned out to be more efficient as magnetic resonators but work at
considerably lower frequencies. The amplitude and frequency bandwidth of magnetic response can
be enhanced by using very densely packed stacks of split rings, called metasolenoids [38].

1.2.3 Artificial Plasma

Artificial plasma, i.e., a medium with negative permittivity, has been known since 1960s due to works
of J. Rotman [39] and J. Brown [22]. This medium is presently called wire medium (Figure 1.3). Usually
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/

FIGURE 1.2 (a) SRRs in the 1990s. (From Pendry, ].B., Holden, A.J., Robins, D.J., and Stewart, W.J., IEEE Trans.
Microw. Theory, 47, 2075, 1999. With permission.) (b) Swiss rolls. (From Hardy, W.N. and Whitehead, L.A., Rev. Sci.
Instrum., 52, 213, 1981; Wiltshire, M.C., Pendry, ].B., Young, LR., et al., Science, 291, 849, 2001. With permission.)

v
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FIGURE 1.3 (a) Simple wire media in the 1960s; and (b) Triple wire media in the 1960s. (From Rotman, W., IRE
Trans. Antennas Propagat., 10, 82, 1962. With permission.)

this is a square lattice of thin parallel wires which can be considered at microwaves as perfectly con-
ducting ones.” Recent studies discovered for these lattices many new interesting features unknown
before. These newly revealed phenomena arise due to spatial dispersion. When the wave propagates
normally with respect to the wires, the spatial dispersion does not arise. Then, the effective permit-
tivity of the wire medium obeys the so-called Drude model of electric (nonmagnetized) plasma. This
formula for the simple wire medium reads as

2 2
® wiv/w
)4 g
g, =g |1- + 11
b O( w? + v? w2+v2) 1D

In this form and with these notations it was derived in [39].

* This is the so-called simple wire medium. Double and triple wire media were also studied in [39] for the case of the axial
propagation.
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1-6 Theory and Phenomena of Metamaterials

The lattice of parallel wires was considered up to 1990s as a kind of artificial dielectric because it
was invented and practically used for applications in microwave lenses. In the 1970s tunable lattices
of wires in which PiN-diodes were inserted in order to switch the negative effective permittivity of
the lattice to the positive one were created and even produced by the industry [40].

The term wire media appeared after theoretically revealing the effects of spatial dispersion in recent
works [41-46]. Experimental confirmation of some of these effects was also obtained [47]. Notice
that the array of parallel Swiss rolls reviewed above behaves like a wire medium (of thick wires) with
respect to the magnetic field of propagating wave.

1.2.4 Backward Waves in Bulk Media

The earliest fundamental publication on backward electromagnetic waves and on negative refraction
was, probably, that of lecture notes of Professor L. I. Mandelshtam [48] (1879-1944) (see Figure 1.4),
although waves in media with negative group velocity were discussed as early as 1904 by Lamb and
1905 by H. Pocklington [49]. The logic of Mandelshtam was simple. In isotropic media, the absolute
value of the wave vector is fully determined by the frequency. Therefore, the group velocity

_do(k) kdw
YeT Tdk  kdk
is directed along vector k or opposite to it, depending on the sign of the derivative dw/dk. The case of
the negative sign corresponds to the negative dispersion.” Mandelshtam mentioned that in the case
of negative dispersion the wave in the medium is backward and the negative refraction should occur
at an interface with such a medium. The possibility of the negative refraction was also mentioned
by A. Schuster in [50]; however, Schuster meant the anomalous dispersion and not negative one as a
possible reason of the negative refraction. Mandelshtam (with a reference to Lamb (1904) who “gave
examples of fictitious 1D media with negative group velocity” of the acoustic wave) presented at the
end of his life a physical example of a 3D structure supporting backward electromagnetic waves [51].
It was an inhomogeneous material with permittivity periodically varying in space. Basically, this work
predicted the negative refraction in photonic crystals later rediscovered by M. Notomi [52].

In 1946-1950 L. Brillouin [53] and ]. R. Pierce [54] developed the theory of backward-wave
microwave tubes utilizing the series-capacitance/shunt-inductance equivalent circuit model similar
to that shown in Figure 1.5, and pointed out the antiparallel phase/group velocities propagation. In
1951 G. D. Malyuzhinets (who was apparently not aware of works [53] and [54]) generalized this con-
cept to the 3D case in a paper on the Sommerfeld radiation condition in hypothetic backward-wave
media [55]. Malyuzhinets noted that in such media the phase velocity of waves at infinity should point
from infinity to the source. An equivalent 1D analogue of these media was artificial transmission lines
depicted by Malyuzhinets and shown in Figure 1.5 (compare with [56,57]).

Materials with negative parameters as backward-wave materials were mentioned by D. V. Sivukhin
in 1957 [58]. He was probably the first who noticed that media with double negative parameters
are continuous and homogeneous backward-wave media. Simultaneously he stated that ... media
with € <0 and u <0 are not known. The question on the possibility of their existence has not been
clarified” [58].

During the 1960s, 1D backward-wave structures were very much studied in connection with the
design of microwave tubes and slow-wave periodic systems [59-61]. Let us also refer to an interesting

(1.2)

* Negative dispersion is a more strong effect than the well-known anomalous dispersion described by the inequality
dw/dn < 0 in which # is the refraction index n = k/w./€oflo. When the dispersion is anomalous in natural isotropic
media the group velocity is directed positively with respect to the phase one (except the frequencies where the losses are
too high and the whole concept of the group velocity becomes invalid).
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FIGURE 1.4 Professor L. I. Mandelshtam, photo 1940; An extract from his book [52]. The text reads “... However,
the last equation is satisfied not only at ¢y, but also at m1—¢;. Demanding as before that the energy in the second medium
propagates from the boundary, we arrive to the conclusion that the phase must propagate towards the boundary and,
consequently, the propagation direction of the refracted wave will make with the normal the angle — ;. Although this
derivation appears to be unusual, but of course there is no wonder, because the phase velocity still tells us nothing about
the direction of the energy transfer” (From Mandelshtam, L.I., Lectures on some problems of the theory of oscillations
(1944), in Complete Collection of Works, Vol. 5, Academy of Sciences, Moscow, 1950, 428-467.)

Y et

FIGURE 1.5 Backward-wave transmission lines from a paper by Malyuzhinets (1951). (From Malyuzhinets, G.D.,
Zhurnal Technicheskoi Fiziki, 21, 940, 1951.)

paper by R. A. Silin (1959) [62], where the negative refraction phenomenon in periodical 2D media
was discussed. We can see it in Figure 1.6a.

An important step forward was made by V. G. Veselago (Moscow Institute of Technical Physics)
in 1967, see Figure 1.6b. Professor Veselago made a systematic study of electromagnetic properties
of materials with negative parameters and reported on his unsuccessful search for such media in
the domain of magnetic semiconductors [2]. This study was, however, optimistic, stating that such
3D continuous media can be possibly discovered in the future. Now such media are often called left-
handed media (LHM) or Veselago media. The first term is related with the fact that the triad of vectors
E, H, and k is left handed (the vector product E x H determines the Poynting vector and it is opposite
to the wave vector, since the Poynting vector direction in low-loss linear media coincides with that
of the group velocity and the wave vector direction coincides with that of the phase velocity).
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FIGURE16 (a) Negative refraction in periodical media, from a paper by R. A. Silin (1959) [62]. The text reads “An
illustration to the refraction law in a medium with negative dispersion” (b) Cerenkov radiation in doubly negative
medium. (From Veselago, V.G., Sov. Phys. Uspekhi, 10, 509, 1968.)

1.3 Modern History of Metamaterials

In this historical overview we intentionally do not touch such issues as very recent and exciting works
on invisibility cloaks based on MTM. In this new domain of knowledge there are still important points
to be clarified. The state of the art can hardly be described reliably at the time of writing. It would be
especially difficult in view of the sensational background in mass media, where the presentation of
facts is sometimes distorted. It is especially so for the optical frequency range. Therefore, we cannot
mention these works in the historical part of the handbook.

Also, we do not present in this part any overview of various microwave and optical applications
of MTM. All these applications have been found recently and are under studies and discussions.
Sometimes, the word metamaterials is mentioned in the design of antenna arrays, antenna elements,
feeding lines, and other microwave components without a solid background for this term. This word
is often used in order to designate the unusual design of a component. It is not a purpose of the
historical introduction to clarify these points, and we avoid in it all practical questions related to
applications of MTM. These applications (already established as well as possible ones) are reviewed,
for example, in [13-15], and are considered with more detail in this handbook.

We concentrate on the history of the Pendry-Veselago perfect lens, because the Pendry-Veselago
perfect lens is probably the best example illustrating the modern history of MTM.

1.3.1 Negative Refraction and Subwavelength Resolution

The attempts to create practically applicable isotropic 3D Veselago media in many frequency ranges
from meter waves to the visible band still refer to the modern scientific reality. In spite of success-
ful demonstration of subwavelength resolution in some works, no practically applicable super-lens
has been created at this stage, and this allows one to conclude that there the encountered difficul-
ties are really dramatic. In this section we discuss the emergence and development of the concepts
of negative refraction and subwavelength imaging in the Pendry-Veselago flat lens. This is already
history.
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FIGURE 1.7 Vision of the negative refraction of a wave pulse in the paper [63]. (From Valanju, PM., Walser, R M.,
and Valanju, A.P, Phys. Rev. Lett., 88, 187401, 2002. With permission.)

The most strong objection to the negative refraction was presented by P. Valanju et al. [63]. Using
the causality and the Huygens principles it was proven that the normal to the pulse front should
refract positively. This consideration was taken seriously. Really, in analytical calculations and in
simulations of the wave beam refraction (one example of such a simulation is shown in Figure 1.7a)
the field is usually monochromatic. Monochromatic waves are physical idealizations. In [63] a fre-
quency package was considered that corresponds to a wave pulse. Not only the forward front of the
pulse has the normal that refracts positively. It also concerns the pulse as a whole: the plane at which
the field of the pulse is maximal (in free space it is parallel to the phase front) refracts positively. In
Figure 1.7b the normal to this plane is identified with the group velocity [63]. In the reply by J. Pendry
and D. Smith [64] it was explained that this is not the group velocity. The effect of pulse reshaping
after the negative refraction can be understood from Figure 1.8, presented in [64]. This is forming of
the so-called interference pattern in the two-frequency wave (frequencies are close to one another
and the refraction indices are slightly different for them due to the dispersion in the doubly nega-
tive medium). For the pulse comprising a continuum of frequencies and a continuum of incidence
angles (i.e., for the wave beam pulse) the refraction can be illustrated by Figure 1.8b. One can see
that the pulse reshapes, however, as a whole it refracts negatively.” And of course the Poynting vec-
tor of every frequency component of the pulse (i.e., the energy flux of every monochromatic wave
forming the pulse) is directed strictly oppositely to the phase velocity of the wave. In the isotropic
media the angle between the phase velocity and the energy flux of a harmonic wave can be either 0 or
7 [65], and this fact follows from the basic symmetry principles and from the physical meaning of the
energy flux.

The reply by J. Pendry and D. Smith to P. Valanju et al., did not stop the discussion. However, it took
a more philosophical and even terminological form. In papers [66,67] one asserted that the velocity
of the plane wave pulse maximum is the best definition for the group velocity as the speed of the
information transport, and that the nonzero angle between the group velocity and the Poynting vector
is allowed in dispersive media.” This discussion has little practical importance today. The purpose is
to obtain a low-loss doubly negative MTM where the group velocity can be defined in the usual way,
i.e., by formula1.2. Notice, that the arguments of P. Valanju et al., can be referred to anisotropic media
as well. However, the negative refraction in anisotropic media is a well-known phenomenon, at least
for the cases when the optical axis forms a sharp angle with the interface. What is impossible in

* If the pulse frequency range is very narrow, the pulse is very prolate along the ray direction. Then far from the forward
and backward fronts of the pulse beam one still observes the refraction illustrated by Figure 1.7a.
T Because it is allowed in lossy media [66], and the dispersive media are lossy.
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FIGURE 1.8 (a) Frequency interference pattern explained in [64]. (b) Short pulse reshaping due to the negative
refraction simulated in [64]. (From Pendry, ].B. and Smith, D.R., Phys. Rev. Lett., 90, 029703, 2003. With permission.)

anisotropic continuous media is the all-angle negative refraction (for all possible angles of the plane
wave incidence) which has been observed in composites modeling the Veselago media.

Strong attempts to overthrow the experimental observations of negative refraction in the double
negative medium (started by [68] and then developed in [69,70] and other works) were made by
N. Garcia and M. Nieto-Vesperinas in [67]. The structure representing the uniaxial variant of the
Veselago medium in a certain frequency range is shown in Figure 1.9. It is formed by two orthog-
onal arrays of SRRs printed on thin dielectric sheets and long strip wires printed on the opposite
side of these sheets. The anisotropy of the structure (its optical axis is vertical) does not affect the
waves propagating in the horizontal plane. For waves whose electric field vector is polarized verti-
cally there is a narrow frequency range where both permittivity and permeability have negative real
parts (it is located slightly above the resonance of SRRs). The result for the negative deviation angle of
wave beams was proven in experiments with prisms formed by such composites.” In [67] this result
was explained not by the negative index of refraction of the composite medium but by tunneling of
energy. Following to simulations made in [67], the array should possess huge losses and no propa-
gating wave exists inside it. The transmission of the negatively diverted beam through the prism is
then possible only due to the tunneling effect which is stronger in the thinner part of the prism than

* A usual prism (with a positive refraction index of the medium filling the prism) diverts a beam positively from its initial
direction.
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FIGURE 1.9  Uniaxial variant of the microwave Veselago medium developed in [68]. (From Shelby, R.A., Smith,
D.R,, and Schultz, S., Science, 292, 77, 2001. With permission.)

in the thicker part of it. However, calculations of losses in [67] were apparently not quite correct. Not
only simulations using commercial software packages but the analytical theory [71] predicts mod-
erate values of Im(e) and Im(p) for such structures at the frequencies where Re(e) and Re() are
close to -1.

In the next discussion those who tried to decline the negative refraction in lattices of wires and
SRRs suggested as an argument the following observations. It was observed that wave beams in a
prism prepared from parallel wires only also experience negative deviation. This phenomenon was
observed at a frequency higher than the plasma frequency wj, of the wire lattice. At these frequencies
the real part of the refraction index is positive and the negative refraction at the interface of wire lattice
is apparently impossible. It was interpreted as a sign of huge losses leading to the tunneling through
the wire medium. However, in fact at such high frequencies the description of the wire medium as
an artificial plasma is not adequate. The wave phenomena are determined by spatial dispersion. And
the negative refraction in lattices of cylinders at high frequencies is not surprising [51].

One of the first papers casting doubts on the possibility of subwavelenegth imaging in the Vese-
lago lens suggested by J. Pendry in [1] was published in 2001 [72]. In that paper it was stated that the
derivations of [1] were mathematically not strict and that the final result cannot be applied to real
sources, so that the theory should be updated for practically achievable subwavelength imaging in
the far zone of the source. Next, a strong objection to the whole idea of the subwavelength imaging
was published in [73]. The logic of this work was as follows. The operation of the super-lens imaging
a point source to a point (in the ideal case) is thought to be based on the amplification of evanes-
cent waves across the slab of Veselago medium (evanescent waves grow from the source to the image
point). It becomes theoretically possible (i.e., does not violate the energy balance) because evanes-
cent waves do not transport energy. However, when one tries to detect the image (e.g., with a probe in
which the field at the image point induces currents) this field distribution becomes perturbed. When
power is consumed in the image domain, the amplification of evanescent waves across the slab of
LHM will violate the energy conservation. It was also claimed in [73] that any losses, even very small,
being taken into account for the Veselago medium will transform the amplification of the evanes-
cent waves from the source to their attenuation. The following theoretical studies showed that this
last assertion was not well founded: The waves which are evanescent in the lossless media become
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weakly propagating in the lossy one, however, they still grow across the slab. The mechanism of this
growth is related with interaction of surface waves excited by the evanescent part of the source radia-
tion spectrum on the two sides of the LHM slab. And this phenomenon does not vanish due to small
losses. The amplification of evanescent waves in the absence of the sensor at the image point is the
spatial redistribution of the energy density. It is analogous, in general, to the effect of a resonance. In
the absence of the sensor the presence of the LHM layer makes the field amplitude at the image point
Q times larger than that without the LHM layer. Here Q is an analogue of the unloaded quality factor
of aresonant circuit. When the structure is totally lossless, Q is infinite. Introducing the sensor is anal-
ogous to replacement of Q by the loaded quality factor Qy.. Of course, Qp, < Q, but it does not mean
that Qp, < 1 and the presence of the Veselago medium layer is not helpful. The detailed consideration
of the detection of the subwavelength focal spot by an electrically small antenna (a magnetic probe) is
presented in [74]. The subwavelength imaging related to the amplification of evanescent waves across
the flat layer was demonstrated in 2005 in both microwave [75]* and visible [76]" ranges in spite of
the existence of losses [77-82], especially high in the last case. Though losses in the doubly negative
MTM do not kill the resolution completely, they significantly deteriorate it. If the needed resolution
is fixed, the losses restrict the possible distance between the source and the image. In the microwave
experiments [75,77-79] and in the optical experiments [83-86] the distance from the source to the
subwavelength image was larger than the wavelength A in free space, but the mechanisms of the
subwavelength imaging were different from the operation of the Veselago-Pendry super-lens.

In the optical experiment [76] the mechanism of the interaction of two surface waves on the
sides of a highly polished silver layer (silver is an epsilon-negative material in the visible and
ultraviolet ranges) was explored. This poor-man’s super-lens was also suggested in [1] and in the
practical implementation the distance D to the image was close to A/5. The scale of the spatial
resolution was approximately equal to D. The subwavelength imaging at the distance A/5 is a cer-
tain progress with respect to the near-field microscopy; however, the distance to the image is still
too small to have practical importance for the purposes of optical lithography, super-dense data
storage, etc.

The influence of ohmic losses to the quality of the far-field image in super-lenses was studied, for
example, in [81]. Ohmic and dielectric losses strongly restrict the possible thickness of the super-lens
destroying the mechanism of the interaction of two surface wave packages which is responsible for the
growing evanescent waves across the “lens” [82]. All known super-lenses are sensitive to losses, but
the Veselago—Pendry super-lens is especially sensitive to them. The analysis of the current literature
data allows us to conclude that this shortcoming probably makes Veselago—Pendry super-lens not
the optimal passive linear device for far-field subwavelength imaging.

However, the historical importance of the studies of subwavelenghth imaging in the Veselago-
Pendry super-lens is huge. These studies revealed many other possibilities to overcome the diffraction
limit in the linear electrodynamics. Accurate and reliable experimental works proving the subwave-
length image resolution (including far-field devices) of microwave and optical sources appeared in
2005-2007 [74,75,83-86]. In these works the design of super-lenses was very different from a slab of
the Veselago medium. These works cannot be referred to the history and represent some topics of the
present book.

* The interaction of surface waves excited by evanescent spatial harmonics of the source on two sides of the slab results in
growing of these evanescent waves across the slab. This refers not only to Veselago—Pendry lens but also to photonic crystals
whose interfaces support surface waves. The last case was theoretically studied in [77], and [75] provided an experimental
validation of the theory.

T In that work the idea suggested in [1] has been experimentally fulfilled. It was the idea of the so-called poor-man’s super-
lens, which restores the part of the image created by evanescent waves, whereas the propagating harmonics do not take
part in the imaging. This imaging allows reproduction of fine details of a complex source but the information of its overall
shape may be lost. The poor-man’s super-lens cannot form images at distances larger than the wavelength from the source.
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1.3.2 Transmission-Line Networks

Many authors have noticed that bulk double negative composites based on electrically small separate
scatterers seem of limited practical interest for engineering applications because these structures are
strongly resonant. Consequently, they exhibit high loss and narrow bandwidth. Therefore, such struc-
tures do not constitute a good transmission medium for a modulated signal. For given dielectric losses
and metal (ohmic) losses there is an unavoidable trade-off between the bandwidth and the transmis-
sion level. Due to the weaknesses of resonant-type backward-wave structures, there was a need for
alternative architectures. Almost simultaneously, in June 2002, the so-called transmission-line net-
works (TLN) were developed as an alternative of bulk MTM in the groups of G. Eleftheriades [87],
N. Oliner [88], and C. Caloz [89]. A TLN supporting backward waves can be realized as a square
mesh of transmission lines as it is shown in Figure 1.10. The mesh of host lines forms a forward-wave
TLN. The shunt inductances and the series capacitances in the backward-wave TLN are designed
artificially. The shunt inductance can be that of a thin metal pin (or even of a lumped coil) connect-
ing the capacitively loaded conducting mesh with the ground plane. The effective mesh with series
capacitances can be designed in different ways. The two most known designs are simply meshes of
microstrips with inserted bulk capacitors [14] and so-called closed multilevel mushroom structures
[13] whose geometry is presented in Figure L.11.

We can see that the TLN are 2D generalizations of a 1D backward-wave line depicted in Figure 1.5.
Since backward-wave TLN are much more apt for designing the needed effective-medium parameters
than the lattices of resonant scatterers [56] and their response is not resonant (TLN are especially
wide-band in the so-called balanced case when a special relation between shunt and series L and C
parameters holds [13,14]) it was easier to realize the super-lens namely in this 2D variant. Historically,
[90] presented the first known realization of the Pendry’s idea. The super-lens was based on the three-
layer structure of TLN (two forward-wave TLN at two sides of the backward-wave TLN). Its picture
is shown in Figure 1.12. The focal spot with the effective diameter of A/5 was obtained in the far zone
of the point source coupled to the forward-wave TLN, which excited a divergent wave of voltages
and currents. A possibility for super-resolution in an isotropic 3D network of loaded transmission
lines was analytically studied in [91] and probably for the first time demonstrated experimentally
in [92]. The demonstration of super-lensing attracted huge attention to the transmission-line MTM;
however, it was not the final goal of its inventors. In books [13,14] numerous microwave applications
of such MTM are reviewed.

i +di,

FIGUREL10 A transmission-line network behaving as a 2D analogue of a metamaterial. (From Eleftheriades, GV,
Iyer, A.K., and Kremer, P.C., IEEE Trans. Microw. Theory Technique, 50, 2702, 2002. With permission.)
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Ground plane

Center
patch

@) b) Ground plane
FIGUREL11 Closed mushroom structure: (a) overall structure and (b) unit cell. (From Caloz, C. and Itoh, T. Electro-
magnetic Metamaterials: Transmission Line Theory and Microwave Applications, John Wiley & Sons, New York, 2006.
With permission.)

FIGURE 1.12  First known super-lens realized with transmission-line networks. (From Grbic, A. and Eleftheriades,
G.V.,, Phys. Rev. Lett., 92, 117403, 2004. With permission.)

The concept of metamaterials adopted in this book allows us to consider also so-called high-
impedance surfaces, also called artificial magnetic conductors or meta-surfaces, as a class of 2D
metamaterials. The theory and applications of high-impedance surfaces are well reviewed in the
book [15], which also contains a rather detailed and useful overview of bulk MTM.

1.4 Conclusions

The prehistory of metamaterials together with pioneering works by V. G. Veselago, J. B. Pendry,
and D. R. Smith with coauthors formed in the beginning of the twenty-first century presupposi-
tions for quick development of a new branch of electromagnetic science—the electromagnetics of
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metamaterials. In a few years of its modern history the objections to two exciting and novel oppor-
tunities offered by MTM—all-angle negative refraction and far-field subwavelength focusing—were
overthrown theoretically and experimentally. No principal obstacles for the future development of
MTM are visible now. However, the practical importance of already developed MTM for numerous
applications (improvements offered by metamaterials in various devices as compared to conventional
solutions) as well as prospectives of MTM in both technological and economical aspects are still
subjects of broad and keen discussions.
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2.1 Introduction

Electromagnetic properties of metamaterials (MTM) are defined by the properties of inclusions
(artificial molecules) and by their positioning in the matrix (in this chapter we consider only three-
dimensional bulk MTM). The inclusions forming many MTM are resonant and their resonances are
in the frequency range where the distance between them can be a rather small fraction of the wave-
length in the host medium. In this case it is reasonable to represent such composite media as spatially
uniform continuous effective media introducing for them material parameters. This modeling called
homogenization allows dramatic simplification of the scattering problem and other electrodynamic
problems for MTM samples. However, homogenization of MTM is not an easy task. Frequency dis-
persion in MTM formed by electrically (optically) small inclusions is very strong, since such particles
can be effectively excited only in the vicinity of their resonant frequencies. Also, spatial dispersion
effects can be strong in MTM, because inclusions or distances between them are often comparable in

2-1
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2-2 Theory and Phenomena of Metamaterials

size with the effective wavelength in the composite. Even if these sizes are optically small in terms of
the wavelength in the host medium, the effective wavelength shortens due to the presence of resonant
inclusions. In some MTM, inclusions are even much larger than the wavelength (an example is the
so-called wire media discussed below).

This chapter is devoted to the homogenization of MTM formed by small scatterers. Even in this
case the homogenization of MTM is a complex and difficult task that obviously implies the answers
to the following questions:

* How to introduce (define) material parameters of composite media, what is the physical
meaning of them, and in which electrodynamic problems such material parameters are
applicable?

* What are frequency bounds in which these material parameters keep their physical
meaning and applicability?

* What are physical limitations that should be imposed on these material parameters and
must be taken into account in calculations, measurements, and in practical applications?

Without these answers the use of material parameters in the description of any composite
media, especially MTM, is senseless. The answers can be found in the overview presented below and
are based on the known theory of weak spatial dispersion (WSD) in molecular or composite media.
In the beginning the second question is answered, because the bounds of homogenization models
can be discussed before we introduce material parameters. The last question is answered in the end
of the chapter after inspecting the energy density in composite media.

2.2 Local and Nonlocal Composite Media

2.2.1 Preliminary Remarks

From the microscopic point of view, all media, natural and artificial, are spatially discontinuous since
they are formed by particles. However, a vast class of natural materials is considered as effectively con-
tinuous media, and it is not surprising since the optical size of atoms and molecules is very small at
radio, microwave, and even optical frequencies. Quantum objects such as atoms can resonate at mil-
limeter waves, at infrared or visible frequencies where their optical sizes are negligible. Therefore,
the resonance phenomena in many natural media are also successfully described as if they happened
in an ideally continuous medium. The most known exceptions are gases and water vapor (like in
clouds) where the discontinuity is related with large molecular clusters or with considerably large
particles (e.g., water drops) and leads to the Rayleigh and Mie scattering. Structures with Mie scat-
tering usually are not considered as continuous media [1]. Structures with Rayleigh scattering where
the scattering objects are optically small are described in the literature as continuous but nonuniform
media: media with small-scale spatial fluctuations of permittivity [2]. This means that the homog-
enization of molecular arrays is possible, and the nonuniformity of the molecular concentration is
taken into account as the position-dependent permittivity.

Both these situations are typical for natural media and not for composites and MTM. Specially
prepared particles forming MTM usually resonate at frequencies where their size and the distance
between adjacent particles are small but not negligible compared to the wavelength in the medium.
We can exclude from the theory the Mie scattering by separate particles of MTM.” We also can
exclude the fluctuations of the particles’ density leading to the Rayleigh scattering since MTM with
strongly inhomogeneous concentration of inclusions are unknown and probably hardly useful.

* MTM with such inclusions are possible but are not considered here.
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The main difficulty for the homogenization of MTM is specific for all composite media. This diffi-
culty appears in cases when the ratio a/\, where a is the average distance between centers of adjacent
particles, is not very small, such as a/A > 0.01. In this situation we should take into account the
nonuniformity of the field over the particle and over the unit cell of the composite medium. We
emphasize that the effective material parameters (EMP) discussed in this chapter describe the elec-
tric and magnetic responses of the medium unit cell, i.e., they have a clear physical meaning. Below
we name these EMP as “local material parameters” and explain this terminology.

In a number of recent works devoted to MTM (which are not reviewed in this book), the for-
mal homogenization procedure is applied to spatially dispersive media, and negative permeability
and permittivity are reported for them without discussion of the physical meaning of these material
parameters. In Section 2.2.2 we discuss this formal homogenization, its usefulness, and the limit case
of very low frequencies.

2.2.2 On Material Parameters of Media with Strong Spatial Dispersion

The formal homogenization of discontinuous media to which certain tensors of permittivity € and
permeability [f are attributed is generally possible. At least it is possible under the assumption of the
medium transparency, when the wave propagates without strong attenuation. Let us give an example
of such formal homogenization for an infinite lattice of artificial inclusions (photonic crystal). The
eigenwave in a photonic crystal can be described by its wave vector q, and the difference of the wave
field from that of the uniform plane wave can be described by higher-order terms in the well-known
Bloch expansion of the eigenwave electromagnetic field [3]:

E(l‘) _ Ey —jqr E, -j(qr+Gp.r)
{H(r) - {Ho ¢ " Z Hn ¢ ’ (2.1)

n#0

where G, = (G,, G, G;) = (Znnx/ax, 2nny [ay,2n nz/az) are multiples of the generic lattice vector,
(ax,y,. are lattice periods, and n = (ny, 1y, 1;), yy 2 = 1,2,...,00).

At the frequencies where the lattice periods are optically large, the contribution of higher-order
harmonics with the amplitudes E,,, Hj, is of the same order as that of the zero-order Bloch harmonic
Ey, Hy. At low frequencies where the periods are optically small, the zero harmonic dominates and
the field is close to that of a uniform plane wave. However, at any frequency one can formally treat
the plane-wave part of the field in the lattice (i.e., the zeroth Bloch harmonic) as if it were a separate
plane wave traveling in an anisotropic continuous medium. Then the product of the permittivity and
permeability tensors can be defined through the normal refraction vector n = q/k of the lattice (here
k is the wave number in the matrix). The known plane-wave equation for an anisotropic magneto-
dielectric medium [8] can be written in the form, where instead of the mean field we substitute E,:

(n*I-nn-%-F) Ey=0. 2.2)

Here I is the unit dyadic. The second equation for obtaining € and jt through the known q, Eg, and
H, can be found in [4]. The wave impedance y of the plane wave with vector q propagating in an
anisotropic medium is defined by the standard relation

nx Ey = Y(& ) - Hy. (2.3)

The expression of 7 through gand ﬁ of an anisotropic medium (given by relations (7) and (12) from
[4]) is involved and omitted here. The aim of this example was to show that one really introduces
formal material parameters € and [l at an arbitrary frequency. Really, Equations 2.2 and 2.3 allow us to
find all the components of unknown € and i through the known parameters of the lattice eigenwave.
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Such material parameters for photonic crystals (and other spatially dispersive media) are depen-
dent on q. If the eigenwave is not transverse electromagnetic (TEM), they also dependent on the
wave polarization. Let the direction of propagation be described by the angles 0 and ¢ that it makes
with the lattice axes. Calculating the eigenwaves of the lattice we can express q and the polarization
ellipse through w, 8 and ¢. Then € and {i obtained from Equations 2.2 and 2.3 will be functions not
only of the frequency w, but also of the angles 8 and ¢. This is a typical feature of spatial dispersion
[22]. The more essential is the angular dependence of material parameters, the more significant is the
difference between the medium with spatial dispersion and the homogeneous anisotropic medium.

In homogeneous anisotropic dielectrics the permittivity is a tensor whose components depend
only on w. In the lossless case it is diagonal in the lattice coordinate axes and can be written in the
dyadic form as

?(w) = £ (0)XoXo + &, (®)yoYo + €22 (W) ZoZo. (2.4)

If we calculate the wavevector q as a solution of the dispersion equation of an anisotropic dielectric:
det(k*s — q x q x ?) =0, (2.5)

q will of course depend on the angles ¢ and 6. But this dependence at any frequency will be fully
determined by two numbers ¢, /¢.; and ¢, /¢, that do not depend on 6 and ¢. From this one can
derive that iso-frequencies surfaces, i.e., surfaces F(qy, qy,g.) = 0 for fixed * can be only of two
types: ellipsoids and hyperboloids [5]. Ellipsoids correspond to the so-called definite media, when the
signs of all components of € are the same, and hyperboloids correspond to the so-called indefinite
media, when the signs of these components are different.

In spatially dispersive media the components of the permittivity tensor depend also on ¢ and 6.
This gives freedom for iso-frequency shapes that can serve for the detection of spatial dispersion [26].

In many recent papers devoted to anisotropic MTM the following simplification of the formal
homogenization is adopted. Instead of tensors of permittivity and permeability one introduces two
scalar values € and p defining them by relations

i ’ e(w.0,0) Eo
Ve(w,0, ¢)p(w, 8, ) =n, 00 ¢) " H (2.6)

Indeed, why not? The physical meaning of these “material parameters” in anisotropic media with
strong spatial dispersion is very limited, but it is also the case for anisotropic € and §t defined by
vector equations (Equations 2.2 and 2.3). In both isotropic and anisotropic variants formally intro-
duced material parameters do not describe the electric and magnetic polarization of the medium
unit cell. It is also not clear how to use them for solving boundary problems for finite-size samples of
spatially dispersive media.

However, the introduction of material parameters for a spatially dispersive lattice, i.e., its formal
homogenization can be sometimes useful for the following reasons:

1. At very low frequencies the spatial dispersion vanishes, and formal material parameters
of lattices defined through Equations 2.2 and 2.3 (as if it were an anisotropic contin-
uous medium) transit to quasistatic EMP of the anisotropic composite. Respectively, for
isotropic composites formal material parameters defined through Equation 2.6 transit at
very low frequencies to physically sound EMP. Below we will see that in the static limit

* Called also wave surfaces in [2].

© 2009 by Taylor and Francis Group, LLC



Material Parameters and Field Energy in Reciprocal Composite Media 2-5

the permeability tends to its trivial value o, if lattices do not comprise natural magnetic
media.”

2. In spatially dispersive media one can introduce material parameters depending on w
and q in a different way than it was done above [10]. Together with so-called additional
boundary conditions (ABC) nonlocal material parameters (w,q) and {i(w,q) intro-
duced in [10,11] can be used for solving the problem of plane-wave reflection and trans-
mission in some MTM layers (at least at the frequencies up to the first Bragg resonance
a= )\eff/z) [11].

3. If we introduce material parameters in a formal way through Equations 2.2 and 2.3 in one
special case they can be useful for the analysis of eigenwaves in photonic crystals and even
give some new physical insight. This special case is the case when the analytical solution
of the dispersion problem n(w) and the eigenpolarization E, of the lattice are known.
Then from comparison with Equation 2.2

(nz?—nn—g)-EO:O

we can find T as a function of q analy‘(ically.T This is, for example, the case of the wire
medium, e.g., doubly periodic array of thin infinitely long parallel wires (spatial disper-
sion in that medium was studied in [56]) or triply periodic arrays of crossing wires (spatial
dispersion in that case was studied in [57]).

4. In some special cases (e.g., so-called waveguide medium [18]) the nonlocal permittivity
€(w,q) introduced by Equation 2.2 also can be used for solving boundary problems
together with specially derived ABC.

However, below we concentrate on local EMP of composite media since only for them the physical
limitations following from the causality and passivity are known.* The terminology of the present
chapter does not allow us to consider the introduction of nonlocal EMP as homogenization.

2.2.3 Locality and Nonlocality

The physical reason of the spatial dispersion phenomenon is the nonlocality of the polarization
response [20]. The nonlocality in an array of separate scatterers (particles) appears due to two rea-
sons: an optically non-negligible size of particles d and optically non-negligible distances a between
the particles (which leads to spatial dispersion even if the particles are optically negligibly small).

The first case is evident. The polarization currents in a particle are excited by the field distributed
over its optically finite volume. But the overall current distribution in the particle depends on the
particle geometry and size. So, the polarization at any particular point of the particle “feels” the field
at other points of the same particle. Of course, in this case the electric and magnetic responses of a
large particle except an isotropic and homogeneous one (a sphere) will be strongly dependent on the
direction of the propagating wave and often also on its polarization. In the case of spherical inclusions
spatial dispersion appears due to the second reason: if d is large, then a (which is larger than d) is
obviously also large.’

* Of course, material parameters defined by Equation 2.6 introduced for “geometrically anisotropic” spatially dispersive
composites do not follow this limit since their static analogue is anisotropic.

T Probably this is also possible for lattices with electric and magnetic inclusions, but we know only the example of the
nonmagnetic lattice.

* Physical limitations imposed on the relations between components of the nonlocal permittivity tensor following from
the spatial symmetry can be found in [22].

$ Strictly speaking it also appears due to excitation of higher-order multipoles in the spherical particle (see following text).
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Existence of spatial dispersion in the case when only the particle size d is optically large can be
explained as a result of the averaging of microscopic fields over an optically large volume. Really,
electric and magnetic susceptibilities of the medium by definition describe the relations between
the averaged electric and magnetic fields and electric and magnetic polarizations [2]. Assume that
the particles are optically small. Then their electric polarization is a response to the local electric field
distributed in a small volume. In other words the polarizability of the particle is local. But even in this
case the electric susceptibility of the medium is nonlocal. The susceptibility relates the polarization
of the unit cell (which is equal to the dipole moment of the particle and is local) to the averaged field
E*. And this field is nonlocal since d ~ A and the interval of the averaging covers an optically large
volume. The averaged field taken at the particle center contains information on the true (microscopic)
field at large distances from it. That is why in the case d ~ A the susceptibility and therefore the
permittivity are nonlocal values and can be written in the form of integral operators acting on the
field distributed over a significant volume V = d* [20].

The frequency boundary between regions of the local and nonlocal (spatially dispersive) composite
media can be better understood from the high-frequency analogue of the static equation of Lorentz—-
Lorenz-Clausius—Mossotti. This equation for lattices of electric dipoles and for lattices of magnetic
dipoles has been derived in many works, unfortunately sometimes in contradictory ways.

For a simple cubic lattice of electric dipoles two totally different approaches used in papers [6,7]
under the assumption a << A (practically a < 0.11) give the result with the correction term CP to the
well-known static equation of Lorentz—Lorenz-Clausius—Mossotti. This term is proportional to the

polarization of the unit cell P:
El°° — E¥ = MP. (2.7)
380

The bulk electric polarization P is related to the dipole moment p of the reference particle to which
thelocal field E'°° is applied as: P = p/V (here V is the unit cell volume). The correction factor C arises
due to the wave interaction of the reference dipole with the other dipoles of the lattice and for a < 0.1A
contains only terms of the orders of (ka)? and (ka)>. Let us show that this frequency-dependent
correction to the static equation does not prohibit homogenization.

The dipole moment p is determined by the local field p = aE'°¢, where o is the particle polarizability
tensor. Substituting E'°° from Equation 2.7, we obtain

—1 1+C=\"!
P=(Va ' 1) B = kB (2.8)

380

In Equation 2.8 the polarization at the center of the unit cell and the averaged field at the same
point are uniquely related: their relation is determined only by the polarizability @, the unit cell size,
and the frequency, and it is independent from the wave propagation direction. In other words, this
composite can be described by the local electric susceptibility k and therefore by the local permittivity
€=¢gp+K.

The situation changes dramatically if the cell size is not small enough to neglect the wave-vector
correction terms to the static equation of Lorentz-Lorenz-Clausius—Mossotti. Correction terms of
higher orders omitted in Equation 2.7 correspond to the Taylor expansion of the known dynamic
interaction constant of the dipole lattice [13]. These correction terms are significant for a/A > 0.1
and depend not only on the normalized optical size ka in terms of the wavelength in the matrix, but
also on the optical size ga in terms of the effective wavelength A = 21t/q. If C is dependent on q in
Equation 2.8 (in this case factor C is a tensor), the relationship of the polarization and the averaged
field is no more local, and the medium exhibits spatial dispersion. This example shows the order of
the cell optical size when the composite or molecular medium becomes nonlocal.

If the medium is still local but the particles have a complex shape, even a very small phase shift of
the wave over the particle size d, such as (qd) ~ 0.1 can lead to a very large phase shift of the polar-
ization current induced in it. An example of this is artificial magnetism in arrays of small metal rings.
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The current induced in any ring has the opposite directions at two diametrally opposite points of the
ring (the phase shift is 7t) but this corresponds to a very small phase shift of the wave propagating
across the ring. It is well known that this effect can be described in terms of permeability [52,53]. This
is the effect of WSD: If the phase shift of the wave across a ring tends to zero, the induced current
in it vanishes. The permeability of artificial magnetic media can, of course, describe the local mag-
netization of the medium. This example shows that the homogenization of a composite (and even
molecular [14]) media with vortex-type polarization currents is possible. However, if we consider
not only closed metal rings, we have to take into account the possibility of multipolar polarization of
particles. Then the homogenization model can lead to more material parameters in addition to the
permittivity and permeability [21,23]. The general theory leading to these models is briefly presented
in Section 2.3. Within this model the dynamic definition of local permeability automatically appears
as a result of WSD.

2.3 Media with Weak Spatial Dispersion

2.3.1 Definition of Weak Spatial Dispersion

We saw above that the inequality d << A where d is the particle size is an obvious condition for
homogenization. However, if we completely neglect all values containing the product (kd), some
important phenomena drop out of the homogenization model. Even if terms containing (ka) can
be neglected in Equation 2.7, similar terms should not be neglected when we analyze the electric
[20] and magnetic [2] polarization currents excited in composite or even molecular media [2,20].
These phenomena are known as bianisotropy and artificial magnetism. Below we concentrate on the
artificial magnetism and do not consider particles prepared from natural magnetic media. Unlike the
natural one, the artificial magnetism is a reciprocal phenomenon.

The reason of WSD is possible strong variation of the phase of the polarization current in particles
in the presence of a small variation of the applied electric field over it. As we already have noticed,
resonant response of particles under the condition (ka) < 1is possible due to complex shapes of the
particles (helicoidal molecules, split-ring resonators (SRRs), Q2-shaped metal particles, etc.) It is also
possible due to very high contrast of permittivity (piezoelectric particles at microwaves or so-called
polaritonic semiconductors [12] at infrared).

The consequence of small phase shift of the averaged field over the domain occupied by a resonant
particle is much more significant than the consequences of the phase shift of the averaged field over
empty intervals between particles. We can consider the last effect as being small and have in mind
the relation equation (Equation 2.7) between the local and averaged fields. The consequence of the
same small phase shift of the field over the particle is its multipolar polarization and consequently
the multipolar polarization of the effective medium.

Polarization at point r feels the field not only at the same point r but also around it. This is the
reason why media of such particles are called media with WSD in books [23,24]. This term is, unfor-
tunately, not commonly adopted. For example, in [15,21] WSD is referred to as the effect of the
bianisotropy (gyrotropy). We follow the terminology adopted in the book [23] that treats the bian-
isotropy as spatial dispersion of the first order (also in books [14,17,21,24]) and the artificial magnetism
as spatial dispersion of the second order (also in [24]). Both these phenomena are in our terms special
cases of WSD.

The molecular theory* of media with WSD is extremely important for understanding MTM.
Books [14,17,23] are mainly devoted to spatial dispersion of the first order, and only isotropic media

* That is, the theory that leads to the material equations and not the theory that studies wave processes in media described
by these equations.
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with second-order spatial dispersion were analyzed in [23]. Reference [24] has not been translated
into English. For this reason, we present the most important steps of this molecular theory though
this presentation implies rather involved expressions. This theory is based on the general multi-
pole approach developed by R. Raab and L. Barron with members of their scientific groups in many
publications, which are summarized in the monograph [25].

2.3.2 Polarization Current in Media with Weak Spatial Dispersion

When we calculate the polarization current J induced in the medium with WSD, the variation of
the field over the scale d is not more negligible. Therefore, J(R) will be determined by not only the
electric field at point R belonging to the particle but by field E(R") around the observation point
R (|R - R'| ~ d). We represent the general relation for the vector J in the index form:

Ji(R) = IK,»]-(R—R')E]-(R’)dV’. (2.9)
Q

Here K;; are components of the polarization response dyadic (which can be found for example from
numerical simulations) and Q is the effective volume of integration with characteristic size d. The
electric field inside it can be expanded into Taylor series:

B(R') = B(R) + (Va)| (R, ~ Ra) + 5 (VpVaB)| (Ri-RO(Ry~Rg) +++ (210)

The substitution of Equation 2.10 into Equation 2.9 leads to the Taylor expansion of the polarization
current:

Ji = jo(bijEj + bijkx VkEj + bijxi ViVLE;) + - (2.11)

Equation 2.11 with neglected higher-order terms describes the phenomenon of WSD in terms of
the averaged polarization current J(R). Here we omit the discussion of the averaging procedure.
There are different ways to define the averaging for fields and polarizations. Some of them [24] allow
one to satisfy the usual boundary conditions for homogenized composite media, i.e., keep tangential
components of averaged fields E and H continuous across the boundary.

This continuity can be preserved (see also in [7]) introducing Drude transition layers [16] across
which the permittivity (and permeability) of the homogenized medium varies from its bulk value
to its value in the surrounding space. The effect of the finite-thickness “boundary” of a composite
medium should be obviously taken into account at high enough frequencies (ga) > 0.1 or even
at (ga) > 0.01 if the composite layer is geometrically thin, i.e., comprises only a few unit cells
across it [14].*

Another definition of averaged fields and polarizations [17] allowed one to avoid the use of
Drude layers introducing a sharp boundary between the homogenized lattice and the surrounding
medium. However, it was obtained at the price of discontinuity of all the components of elec-
tromagnetic field at this effective boundary. No practically applicable expressions for these jumps
allowing to solve boundary problems were obtained in [17] (and to the best of our knowledge in any
further work).

* Notice that the thickness of the Drude layers remained unknown since [16], only the case of a simple cubic lattice of
dielectric or ferrite spheres was studied.
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The objective of this chapter is not to discuss the averaging algorithms for composite media. We
finalize this discussion by three important comments:

* In Equation 2.11 it is assumed that the polarization current J in Equation 2.9 is purely
electric (i.e., it can be interpreted in terms of averaged charge density and charge velocity
J = pV). We exclude from our consideration the case of natural magnetic inclusions that
would require magnetic currents from the start.

* The action of the time-dependent magnetic field to samples of nonmagnetic (dielec-
tric or conducting) media as well as to complex-shape molecules is fully described in
Equation 2.9 as a response to the spatially variable local electric field [20,21]. There is no
need to introduce the response of particles to the magnetic field explicitly.

* In Equations 2.9 through 2.11 we can imply the averaged field (i.e., in these formulas and
below E = E,,) instead of the local field. Though the local field is the true reason of
the polarization current Ej,, in media with WSD it is assumed to be uniquely related
to E,y and to the polarization taken at the same point (Equation 2.7 and its anisotropic
analogues).

2.3.3 Electric and Magnetic Polarization Currents

In media with multipole polarization the polarization current can be presented through the spatial
derivatives of the multipole moments densities. In the index form [26] this expansion is as follows:

. jw jw 1
Jo = jwPy — TVBQQL; + eaﬁyvﬁMy + ?Vyv[?)oaﬁy - Eeaﬁ(sVYVﬁS(sY + . (2.12)

Here P, are Cartesian components of the electric dipole polarization vector (Greek or Latin indices
below denote the coordinate axes x, y, z), Qqp are the components of the electric quadrupole polar-
ization tensor (dyadic), M, are the components of the magnetic dipole polarization vector, S, are
the components of the magnetic quadrupole polarization tensor (dyadic), and O, are the compo-
nents of the electric octopole polarization tensor (triadic). The Levy-Civita tensor e with the only
NONZEro COMPONENtS €z, zxy,yzx = 1 and exzy zyx, yxz = —1 (totally antisymmetric unit triadic [26]) is
used in Equation 2.12, which defines the root operation as

(VxM)a = eqgyVaMy. (2.13)

Equation 2.12 can be found in the fundamental books [20,26]; however, the notations used for multi-
pole moments in these books are more complicated, and we use the most simple and clear notations
suggested in [18].

Taking into account these multipoles, we take into account effects of both first-order spatial disper-
sion (e.g., bianisotropy) and second-order spatial dispersion [14,15,19,23,24]. Higher-order multipoles
neglected in Equation 2.12 would correspond to the spatial dispersion of the third order and higher
orders, to which no known physical effects correspond.” Equation 2.12 can be rewritten in the tensor
form

]:ju)P—%VQ+VXM+%VVQ—EVXVS. (2.14)

We can see that the polarization current is the sum of two components; one of them is the vortex-
free (noncirculating) polarization current that is often called the electrical one, the other one is the

* Of course, these terms cannot be neglected for media with strong spatial dispersion, but in the last case Equation 2.12 is
divergent [26] and, consequently, useless.
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vortex-type (circulating) polarization current that is often called the magnetic one:

J= ]el +V x T2, (2.15)
where .
]el — ](DP — %v6+ ceey (216)
1 =
Tmag:M—EVS+"' (2.17)

Equations 2.15 through 2.17 together with the expansion (Equation 2.11) are of key importance for the
procedure of the introduction of material parameters in composite and molecular media [14,15,18].

2.3.4 Noncovariant Form of Material Equations of Media with WSD

Material equations for time-harmonic fields are introduced in order to get rid of averaged polariza-
tion current (the polarization charges are expressed below using the continuity equation) in Maxwell’s
equations for time-harmonic averaged fields in the medium

vV x E = —jwB, (2.18)

V-B=0, (2.19)

V x B = jweguoE + o], (2.20)

v.g-P_-_VIJ 2.21)
=) Jweg

Here we follow the formalism [2] in which the main (uniquely defined and measurable) field vectors
are E and B (since they define the Lorentz force), and vectors D and H are auxiliary and introduced in
order to replace Equations 2.18 and 2.19 by equations that do not contain the polarization current. The
formalism in which vectors E and H are considered as the main vectors and D and B are auxiliary is
also possible and often convenient. However, in this case the first Maxwell’s equation should be of the
form: V x E = —jopoH + J™%, i.e., we have to introduce magnetic currents on the start. This would
correspond to the medium with natural magnetic particles. Description of both effects of natural
and artificial magnetism is very difficult. If in our initial Maxwell’s equations there are no magnetic
currents, and the formalism Equations 2.18 through 2.21 based on the main vectors E and B is more
appropriate (see, e.g., in [?]).
Substituting Equation 2.15 into Equation 2.21 we can see that in fact

V-E= —v-(%]el). (2.22)

Substituting Equation 2.15 into Equation 2.20 we obtain

V x (B = T™%) = jouo(goE +J%). (2.23)
Therefore, defining
D=gE+J9, H=p,'B-Tm, (2.24)
we obtain equations
V xH = joD, (2.25)
vV-D=0, (2.26)
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that complement Equations 2.18 and 2.19 and do not contain polarization currents. Taking into
account Equations 2.16 and 2.17 one can see that vectors D and H are in fact defined through the
multipole densities:

1 = 1 =
D:£0E+P—EV~Q+8V-(V-O), (2.27)

1 =
H = (po)_1B+M—EV~S. (2.28)

If there are no other multipoles induced in particles in addition to electric and magnetic dipoles,
these equations are reduced to the usual form:

D=¢E+P, H= () 'B-M. (2.29)

These equations are usually treated as general definitions of D and B, and for this special case the
definitions of the effective permittivity and permeability are well known. However, the media from
particles containing only electro-dipole and magneto-dipole moments form only a special case of
media with WSD. For the correct interpretation of experimental results recently obtained for MTM
it is very important to know the general theory of media with WSD.

The next step after Equations 2.27 and 2.28 is to express the multipole densities entering Equa-
tions 2.27 and 2.28 through the averaged electric field E and its spatial derivatives using Equation 2.12
and Equation 2.11 and relate in this way vectors D and B with E and its derivatives. These relations
will be further derived to the form of material equations.

By analogy of Equation 2.12 with Equation 2.11 we can write a similar expansion for multipole
moments densities through E and its derivatives

1
Py(R) = aqpEg(R) + - aaﬁyvyEﬁ(R) + ga;{ﬁysvyvai%(zz) + o (2.30)
for the electro-dipole polarization,
Qap = QupyEy + 5 QQMV@E +- (2.31)

for the quadrupole one,

M, = M{gEg + MaﬁvaEg o (232)
for the magneto-dipole one,
Sap = S;ﬁEﬁ 4o (2.33)
for the magneto-quadrupole one, and finally
Oapy = OgpysEs + - (2.34)

for the electric octopole polarization O. The second-order spatial dispersion corresponds to the
omission of higher-order terms in these expansions [14,15,18,19,23,24].
Before substituting Equations 2.30 through 2.34 into Equations 2.27 and 2.28 we have to separate

the symmetric (with respect to the last two indices) part and the antisymmetric part ofa (the electro-
dipole susceptibility to the first-order derivatives of E). Any antisymmetric triad can be presented as
a scalar product of the Levy-Civita tensor and a certain dyadic (denoted below as 2g/ jw). Therefore,

we can write
nonsym

. _ zgaé
+ (Gagy oy = dapy + eaﬁij)- (2.35)

symm.

a;[}y = (a;By)
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2-12 Theory and Phenomena of Metamaterials

In paper [18] it was proven for an individual particle and in [24] it was done for bulk arrays of
particles that the quadrupole susceptibility to the electric field and the symmetric part of the electro-
dipole susceptibility to the derivatives of the electric field are related:

Qupy = Qpay = dyap = dypa- (2.36)

Substituting Equations 2.30 through 2.34 into Equations 2.27 and 2.28, we can also use Maxwell’s
equation (Equation 2.18) rewritten in the index form:

1
Bg = —egayVoEy. 2.37
p jwﬁvav (2.37)

After these substitutions one derives from Equations 2.27 and 2.28 the following relations [18]:

1
D; =¢&;E; - gijBj + E(Q;ki ~ Qixj)ViEk + Bij1 V,;ViEi (2.38)
and
H; = o™ B = M{;E; + ik VjEx. (2.39)

In these equations, Equations 2.35 and 2.36 were taken into account and the following notations

iy = el ags Biskt = < (lhp— QUi ~ Oy Vi = 5 (Ml = S1) (2.40)
were used. Here I;; are the components of the unitdyadic I;; = 1, i = j, I;; = 0, i # j. Thefirst formula
in Equation 2.40 is the usual (static) definition of the permittivity. In media with WSD the tensor &
is also defined through the electro-dipole susceptibility to the averaged field. Since this susceptibility
corresponds to the zero-order term in the initial expansion (Equation 2.11), the permittivity repre-
sents the zero-order response of the medium to the electric field. Of course, the a;; in the wave field
can be frequency dispersive, and the words “zero order” refer to the spatial dispersion.

Equations 2.38 and 2.39 still cannot be named as material equations, because the dyadic M}; and
the triad (Q; vi — Qix j) are not covariant. In [19] it was shown that for an individual particle these
dyadics depend on the location of the point to which the particle multipoles are referred. This is
because all the multipoles of any particle except the electric dipole moment contain by definition
[20,26] the radius vector centered at an arbitrary chosen particle center. This means that all higher
multipoles (electric quadrupole, magnetic quadrupole, electric octopole, etc.) are not measurable
physical values [14,15,18,19]. The same concerns, in the general case, also the magnetic dipole. Only
in two special cases the magnetic dipole susceptibility to the electric field and to its spatial derivatives
can be covariant. The first case [15] corresponds to the frequencies at which the polarization current
induced in the particle flows along a closed path (loop) and its density is uniform along this effective
loop. The second case [25] corresponds to the frequencies at which the electro-dipole susceptibility
to E and VE vanishes. The medium corresponding to the first case can be fabricated from particles
performed as loops. The medium corresponding to the second case will be discussed below.

Thus, if the open part of a conductive scatterer containing a loop portion (metal split rings, Q-
shaped particles, etc.) is large, i.e., comparable with the circumference of this loop, the magnetic
dipole of the particle is not covariant and therefore is not physically measurable. What is covariant
(and measurable at least indirectly) is a certain combination of the magnetic dipole with higher mul-
tipoles (at least the electric quadrupole). This means that higher multipoles are significant in this
case. Notice, that higher multipoles are seldom negligible for media from complex-shape molecules
[14,15,18,19]. This is so because complex molecules are rarely shaped like closed loops. The only
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known exception are some dies in which atoms form effective knots. Therefore, this theory is of key
importance also for media of complex molecules.

In [24] it was derived (using the Equation 2.7) that from the dependence of multipoles moments of
a molecule on the choice of the molecule center the dependence of the averaged multipole moments
on the Cartesian coordinate origin follows. Therefore, parameters M;; and (Qj;; - Qj;;) entering
Equations 2.38 and 2.39 depend on the location of the coordinate origin for the composite medium
with WSD. Of course, the medium material parameters cannot physically depend on the choice of the
coordinate origin. Therefore, tensors M}; and (Q;;; - Q; ji) are still not material parameters. Respec-
tively, vectors D and B defined by Equation 2.24 that are in the second order of spatial dispersion
equivalent to noncovariant equation (Equations 2.38 and 2.39) are “not physically sound electric dis-
placement and magnetic induction vectors” in presence of higher multipoles. Such D and B not only
violate usual boundary conditions, they cannot be applied in any boundary problem (since being
applied violates the causality of the solution, as it was explicitly shown in [24]). Equations 2.38 and
2.39 were named in [24] as “quasi-material equations” of media with WSD.

2.3.5 Material Equations Covariant in the First Order of WSD

In order to make D and H covariant at least within the first-order approximation of WSD we should
add to D and H defined by Equation 2.24 certain vectors, denoted below as K and T, respectively.
These vectors should be chosen so that the coordinate dependence of M; ; and (Qg; i~ Q; ji) in
Equations 2.38 and 2.39 is compensated.

Maxwell’s equations (Equations 2.25 and 2.26) will be not violated with this redefinition of D and
H if these two additional vectors are related as

1
Jw

The needed vectors K and T were found in [19]:
1 ! ! ]w !
Ki = E(jSk_Qijk)vjEk’ Ti :_TeiijjkmEm' (242)

The operation
D" = Dold +K, H™ = H(’lf1 +T (2.43)

applied to Equations 2.38 and 2.39 leads to the following equations (terms of the second order are
not shown):

1
Di:eijEj+EeijkeklmQ:nlsvjEs_giij+"' (244)

and

_ w
H,‘ :pOlBi_(Mt{j+]7eij1Q:nik)Ej+"' (245)

Using Equation 2.37, Equations 2.44 and 2.45 can be rewritten in the form

i ’
Di = €,]E] — I:g,] + %eika;njk] B] + - = €1]E] +-]£’]BJ’ (246)

i .
Bi = POHi + Wo (M:] + %ejka;nik) E] = }J.()H] _]HOEjiEj- (247)
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In the final form of material equations of media with WSD of the first order derived in [19]
D=%-E+jE-B+-, (2.48)
=T
B = yoH - jiof E+--, (2.49)

=T
the molecular reciprocity theorem [27] M]; = g;; was used. In Equations 2.48 and 2.49, § denotes

= — = = ==/ = =
the transposed dyadic with respect to £ = jg — we : Q/2 = j(M )T — we : Q /2. Here “” means the
double scalar product of tensors.
One can see that the first-order spatial dispersion still does not give magnetic susceptibility of com-

posite or molecular media. The material parameter £ is called the magnetoelectric coupling parameter

(MCP) [23]. Since we consider reciprocal media, the same MCP § enters both material equations
(Equations 2.48 and 2.49). It contains the magneto-dipole susceptibility to the uniform (across the
unit cell) part of the averaged electric field, which is equal to the electro-dipole susceptibility to the
vortex part of the averaged electric field.” It also contains the quadrupole susceptibility to the uniform
part of the electric field.

In lossless media tensor £ is purely real [21,24,28], and this is why we introduced the factor j in the

definition of this tensor by Equations 2.46 and 2.47. In isotropic media £ = &I, i.e., MCP is the scalar
parameter. In this case it is called the “chirality” parameter [28].
Equations 2.48 and 2.49 are anisotropic generalizations of the so-called Post material equations

D = ¢E + j&B, (2.50)
B-= },I.oH - ]POEE) (251)

obtained for media formed by helicoidal molecules in [29]. It is one of the standard forms of material
equations adopted in the theory of bianisotropic media [21,23,28] such as Fedorov (sometimes
Drude-Born-Fedorov) equations [42] or Lindell-Sihvola equations [28]. Equations 2.48 and 2.49
can be expressed in these standard forms, for example, as Lindell-Sihvola equations

D=% -E+jk-H, B=p-H-jk-E, (2.52)

after some tensor algebra using Maxwell’s Equations (2.18 and 2.19). These derivations were done
in [48]. However, these two popular forms of bianisotropic material equations are not physically

self-consistent with the molecular theory of WSD presented in this section. In Equation 2.52 the
—

— — f— =
MCP & includes not only first-order parameters M and Q as our MCP &, but also the electro-dipole
susceptibility @ which is the zero-order parameter [48]. Moreover, the nontrivial permeability [t in
Equation 2.52 includes the electro-dipole susceptibility a (zero-order parameter) and the quadrupole
—/

susceptibility Q (first-order parameter) and not the parameters of the second order [24].

Physically, the nontrivial magnetic permeability in reciprocal media is the effect of the second
order [23,24]. If there are higher multipoles in the medium, the formalism of EI. Fedorov and that of
L. Lindell and A. Sihvola leads to material parameters in which the effects of WSD of different orders
are mixed. Therefore, the generalized Post equations (Equations 2.48 and 2.49) are more suitable
for the description of WSD, while the Lindell-Sihvola formalism is sometimes more convenient for
solving engineering problems.

* That is, to the uniform across the unit cell part of the magnetic field.
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2.3.6 Material Equations Covariant in the Second Order of WSD

Now let us rewrite Equations 2.48 and 2.49 including in them the second-order terms from Equations
2.38 and 2.39 that the operation equation (Equation 2.43) keeps intact:

D,‘ :sijEj+jEiij+BijklvjvkEl (253)
and
H; =o' B; + jE;iE; +VijkV Ex (2.54)

where tetradic tensor with components B, and triadic with components y;j are defined through
multipole susceptibilities by Equation 2.40. First, in the same way as we did above let us separate the
—r

antisymmetric part of the tensor M :

. 2
’Jk (Mljk)jjylrcnm * (Mljk)?;zm = fijk + ]Tveikajm’ (2.55)

where again the antisymmetric tensor has been presented through the Levy-Civita triadic and a

certain dyadic G. A similar relation as Equation 2.36 for electro-dipole and electro-quadrupole
susceptibilities can be written for magneto-dipole and magneto-quadrupole ones [24]:

fijk = fiik = Sjix = Sjki- (2.56)
Equation 2.54 can be rewritten after substitutions of Equations 2.55 and 2.56 in the form
= (o 'Lij + Gij)Bj + j&i Ej + (Siix — Siji) ViEk. (2.57)

Of course in Equation 2.57 we again took into account the relation given in Equation 2.37.
Equations 2.53 and 2.57 are still not material equations since tensors with components G;; and
(8% — Sijx) are origin dependent. We have to find a vector T’ so that the operation

DY = Dold +V x T’, HeY = Hold T ijl (258)

would give new D and B which are covariant in the second order of spatial dispersion. At this point
we can notice that the coefficients in the expansion (Equation 2.11) are origin independent. This is
because the current J is a measurable quantity, unlike all the higher multipoles. The comparison of
Equations 2.11 and 2.12 gives a set of equations relating covariant coefficients b;j, bjjk, bijx with
origin-dependent multipole polarizabilities (see also in [24]):

1 1
bij = aij bijk = 5 (@i = Qix) + - i eikn My (2.59)
1
bijkl = g(ag‘kl - Qlk]l + Olk[]) + . 1kn(M,,1,jl - :ll]) (2.60)

The last equation rewritten in the form
b _ | 1 ’ ’
ijkl = g(aijkl = Qikji + Olij) + 5~ 2jo eikn(Sjin = Suij) (2.61)
is what we need. We can notice that adding the term

1
Ki=(VxT);=— T eikn (i1, = Su1j) ViE; (2.62)
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to D°! defined by Equation 2.53 we obtain D"¢" in the form
Di :sijEj+j£iij+bijklvlvkEj’ (263)

i.e., an equation that contains the terms of the second order with covariant coefficients.

It is possible to show that the operation given in Equation 2.58 with vector T’ that can be found
from Equation 2.62 removes from the Equation 2.57 the term (S; w—S i )V jEx and simultaneously
adds to G;; a dyadic that makes the corresponding coefficient origin independent [24]. The result of

the operation (Equation 2.58) with substitution of Equation 2.62 is as follows:
Di = sijEj+jEiij+bijklvlvkEj» (264)

H; = (;j)”'Bj + j&;iE). (2.65)

In these material equations the following notations have been introduced:
- 1 jw
(P 1):’;‘: *Iij+Gij—L€jkmemk- (2.66)
Ho 2

=-1y. . i s . .
It is clear that the inverse tensor to (i ) is the medium permeability in which the magnetic suscep-

tibility arises as an effect of the second-order spatial dispersion. The dyadic? is the susceptibility of

the magnetic dipole to the vortex part of the electric field and the triadic S is the susceptibility of
the magnetic quadrupole to the uniform part of the electric field. This is the physical meaning of the
permeability in media with WSD. Since media with WSD are local media, and material parameters
in Equations 2.64 and 2.65 are covariant, these equations can be applied in boundary problems. The
term b; 5 V; Vi E; does not comprise first spatial derivatives of V x E since b; ji; is symmetric with
respect to the pairs of indices (j, k) and (j, I). It follows from Equation 2.61 and the known prop-
erties of multipolar susceptibilities.” Equations 2.64 and 2.65 do not contain the bianisotropy in the
second order of spatial dispersion. However, the second order of spatial dispersion for media from
complex-shape molecules comprises the susceptibilities of higher multipoles.

2.3.7 Special Cases of Material Equations in Media with WSD

When higher-order multipoles are negligible, the electro-dipole and magneto-dipole polarizations
give the following special results for the material parameters entering Equations 2.64 and 2.65:

= — — = =
bijrr =0, &= j(M)", H=po(T+wmG)™"

In this case, Equations 2.64 and 2.65 take the form

™|l

D-%-E+jE-B, B=u (H-jE-E), (2.67)

i.e., they take the form of anisotropic Post equations. The difference between Equation 2.67 and the
anisotropic Post equations for media with first-order spatial dispersion is the nontrivial permeability.

* The quadrupole susceptibility to the derivatives of E entering Equation 2.61 contains the nonsymmetric part with respect
to indices (j, k). However, this nonsymmetric part cancels out with the nonsymmetric part of the second term in the
righthand side of Equation 2.61 containing the susceptibility of the magnetic quadrupole to E. As a result, the electric
quadrupole polarization of particles by the magnetic field does not enter the material equation (Equation 2.64).
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If the scatterers possess no bianisotropic response (the corresponding restrictions to the scatterer
geometry are discussed in [23]), the MCP is also equal to zero and we have simply

D=t-E, B=§-H (2.68)

The obvious condition of these material equations is the absence of higher-order multipoles. They
are evidently negligible when the medium polarization is purely an electro-dipole one. If it is not
so, and there are vortex-type polarization currents, then higher multipoles can be present. When
the vortex-type currents form effective loops and currents are uniform along these loops, higher
multipoles are absent and we can use Equation 2.68.

In the isotropic case media with spatial dispersion of the second order can also contain higher
multipoles. From the symmetry the only possible isotropic representation of the term b;jx;V;V«E;
in Equation 2.64 is b grad div E, which gives [23]

D =¢E+ jEB+ bVV -E, (2.69)

H=p "B+ jEE. (2.70)

Substituting the second material equation into the first one we can rewrite these equations in the form
generalizing the Lindell-Sihvola equations for reciprocal isotropic media with spatial dispersion of
the first order (also called “chiral” media):

D=¢E+j§fH+bVV-E, (2.71)
B =uH - j¢'E, (2.72)

where new material parameters are expressed through EMP of our molecular theory as follows:
e =e+8y, €= (2.73)

The term bVV - E cannot be removed from Equation 2.71 by further redefinition of D and H since

such redefinition would violate the covariance of material equations. The same concerns anisotropic

equations (Equations 2.64 and 2.65). These equations can be also expressed in the generalized
Lindell-Sihvola form:

D; = &;E; + j&;H; + biji Vi VI E;, (2.74)

B; = wj;H; - j&E. (2.75)

However, in the presence of higher multipoles effects of the zero, first and second orders will be mixed

_y =/
innew EMP %, and £ .

2.4 What the Theory of WSD Reveals for MTM

The theory of WSD reveals the following features of reciprocal composite or molecular media:

* The magnetoelectric coupling is the effect of the spatial dispersion of the first order, and
the artificial permeability is the effect of the spatial dispersion of the second order.

* In presence of higher multipoles induced in the particles both MCP and permeability
contain contributions from multipolar susceptibilities (additionally to the electric and
magnetic dipole moment susceptibilities per unit volume).

* In media with spatial dispersion of the second order (except the special case when higher-
order multipoles are absent) the first material equation contains second-order derivatives
of E, ie., the medium cannot be described in terms of only three EMP (permittivity,
permeability, and MCP).
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These conclusions force us to revise many scientific publications devoted to MTM. In the literature
there are numerous attempts to describe MTM with magnetic response in terms of only permittivity
and permeability, i.e., using Equation 2.68. These equations are applicable if there is no bianisotropy
and if, simultaneously, the higher-order multipoles are negligible. The last condition means that
current circulating in a magnetic scatterer should be uniform around its closed effective path.

If this scatterer is the so-called SRR formed by two very strongly coupled concentric broken loops
as in [30,31], the polarization current induced in it is practically uniform. It is the conductivity cur-
rent, and the displacement currents are concentrated between the two rings [40]. This means that
the magnetic dipole induced in this SRR turns out to be covariant. Simultaneously, the quadrupole
moment of the SRR is negligible. Probably (though this was never studied) the other higher mul-
tipoles are also negligible close to the resonant frequency of the magnetic dipole induced in this
particle and below it. Then the medium of SRRs can be really described (in the region where the
spatial dispersion is weak) by Equation 2.68.

If the magnetic scatterer is an S-shaped metal particle as in [32] (in this work the negative mag-
netic response is attributed to composites of these as well as similar particles) or a single split ring
(C-shaped particle), the conductivity current is strongly nonuniform and does not form a closed loop
(the displacement currents are widely spread around the effective loop, and the significant alternating
charges are accumulated at the ends of the S-shaped conductor). In other words, the S-particle is a
multipolar particle. What is considered as negative magnetic response of the medium of such parti-
cles should be shared between f1 and the material parameter located in front of the second derivatives
of E in Equation 2.64 (the S-particles were specially paired in [32] in order to avoid the medium
bianisotropy, so the MCP is zero).

If magnetic scatterers of effective media are formed by pairs of resonant electric scatterers like pairs
of plasmonic nanopyramids [33], pairs of nanowires or nanoplates [34,35], higher multipoles obvi-
ously dominate over the magnetic dipole, and the use of Equation 2.68 instead of Equations 2.64 and
2.65 may lead to serious misinterpretations. What can one achieve expressing the dispersion charac-
teristics of such media in terms of € and [t without taking into account the last term in Equation 2.64
as well as heuristically defining EMP, fitting only two tensor values € and [i to transmission and reflec-
tion characteristics? It is the same as to attribute the electric multipolar response of the material to
the permeability. Physical interpretation of the results [33-35] described as artificial magnetism needs
further theoretical clarification.

Let us consider an example of a complex “magnetic” particle for the visible range of frequencies
realized as a closely positioned pair of small plasmonic nanoparticles. Such nanopairs forming a
metamaterial were described, in [33]. As it was shown in [33] and in precedent works, within the
band of the so-called plasmonic resonance of the individual nanoparticle, there is a frequency at
which the magnetic mode is excited in the pair. This mode corresponds to the antiparallel excitation
of resonant electric dipoles in two nanoparticles. As a result, the total electro-dipole moment of the
nanopair at this mode is zero, and the particle can be presented as a superposition of a magnetic
dipole and an electric quadrupole, both with susceptibilities to E and its spatial derivatives, and a
magnetic quadrupole and electric octopole, both with susceptibilities to E.

Let the nanopair be excited by a wave propagating along X, as it is shown in Figure 2.1, left
panel. Then at a certain frequency w = wmag the phase shift of the wave between two nanospheres
will be such that p, = —p;= —p, and the total electric dipole moment vanishes. In this case the
magnetic moment® of the nanopair is origin independent. This was discussed above: The zero
electro-dipole polarizability leads to the independence of m on the location of the particle cen-
ter. The octopole moment can be neglected. The electric quadrupole polarization by the magnetic

* As well as the quadrupole moment.
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FIGURE 2.1 A nanopair of two plasmonic spheres at @ = wmag. Left: a purely magnetic mode is excited when the
wave propagates along X. Right: a superposition of modes is excited when the wave propagates obliquely.

field and the magnetic quadrupole polarization by E does not enter into our material equations
(Equations 2.64 and 2.65), as it was noticed above. This means that the local electric field (the field of
the exciting wave at the pair center) does not excite the nanopair. The excitation is due to the nonzero
local magnetic field (nonzero spatial derivative of E at the pair center).

In this special case the response of the lattice formed by parallel nanopairs is truly magnetic. This
can explain why in the literature one characterizes such structures by permittivity and permeability
without involving terms with VV - E.

However, this characterization is not fully consistent. First, beyond this special frequency the total
dipole moment will be nonzero even for this special direction of propagation. And both magnetic
and quadrupole moments become noncovariant. We should take into account the susceptibility of
the quadrupole polarization to the spatial derivatives of E and use material equations (Equations 2.64

and 2.65) (with vanishing MCP § = 0 since a pair of equivalent dipoles is not bianisotropic). Second,
material parameters of a homogeneous magnetic medium even at the special frequency w = Wmag
should not depend on the direction of propagation. If the propagation is oblique, as it is shown in
Figure 2.1, right panel, the phase shift of the wave over the nanopair at the same frequency will be
different. Therefore, p, # —py, i.e., not only the magnetic dipole mode but also the electro-dipole
mode will be excited in every nanopair of the medium. Even at this special frequency we come to
material equations (Equations 2.64 and 2.65) in which the term VV - E vanishes only for a special
direction of propagation.

Notice, however, that in the case of a plasmonic nanopair in which the resonance bands of the
magneto-dipole and electro-dipole modes are separated on the frequency axis, the magnetic mode
can be excited without parasitic excitation of the electric mode for any direction of propagation. In
this case the medium of such nanopairs would behave as a resonant magnetic within the “magnetic”
band and as a resonant dielectric within the “electric” band. This is not the case of nanopyramids
reported in [33]. Is it the case of paired nanowires or nanoplates [34,35]? In this chapter we avoid
the discussion of these works since our goal is to show the general frames of the description of
homogenized MTM in terms of material parameters. We also try to motivate additional theoretical
investigations of MTM with artificial magnetism taking into account resonant multipolar polariza-
tions existing, probably, in all of them. The same remark concerns, of course, the magnetism of optical
SRRs reported in works [36-40] and some other works.

In some papers (e.g., in [41,42]) isotropic [41] or anisotropic [42]* permeability is attributed to
photonic crystals in order to describe their strong spatial dispersion in the vicinity of the Bragg mode.
This kind of “artificial magnetism” description is not very useful because the nonlocal permittivity
and permeability defined by Equations 2.2 and 2.3 can have an arbitrary sign, and only few physical

* As it was shown above, the obvious angular dependence of € and y is implied in both these cases.
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effects can be related with their signs: the stop-band if their signs are opposite and the backward-wave
regime if their signs are negative, since the product of nonlocal permittivity and permeability is by
definition the square of the refraction index. However, these effects are fully described in terms of
the refraction index, and there is no need to extract material parameters from it, if they anyway do
not measure averaged polarization in the medium.

2.5 An Alternative Approach to the Description of WSD

An alternative approach to the description of WSD was suggested in [2] and developed in [22]. This
approach is based on the definition of auxiliary field vectors H and D, instead of Equations 2.24, by
equations

D=¢gE+], H=y,'B. (2.76)

No splitting of the polarization current to the electric part and the vortex-type part is implied and,
of course, this approach also allows us to satisfty Maxwell’s equations (Equations 2.25 and 2.26). This
method allows one to avoid the consideration of multipoles, and this is a serious simplification of the
theory (recall that the definitions (Equation 2.24) were also not suitable for multipolar media and
we have twice redefined H and D adding to them vectors T, K and T’, K’ in order to introduce
origin-independent material parameters). Then it is assumed that the plane wave with wave vector q
propagates in the medium, which allows us to rewrite Equation 2.11 in the form

Ji = jo(bijEj + jbijkqrEj — bijkiqiqiEj + ) (2.77)

and substituting this relation into Equation 2.76, we immediately obtain
0 ) :
D;=eij(0,Q)E) &j(w,q) = el (0) + jyik (@) + [Vijim (@) qiqm + (278)

and [ = yoI. Here the expressions for coefficients 81(](-)) (@), yijk(w), and y;jkm through b;j, b;j, and
bijx; are evident.

This simple approach is mostly fruitful if y; jx = 0 (for nongyrotropic crystals in terms of [22]). The
spatial dispersion studied in this book is related with the nonzero phase shift of the wave per unit cell.
In fact, the term of the second order in Equation 2.78 cannot be neglected even for electro-dipole
lattices (in this theory they were neglected for this case), if we inspect the fine effects accompanying
the refraction of visible light into crystals. These effects are the generation of so-called exciton and
polariton waves by the incident light at the crystal boundary.”

Usual boundary conditions for light are obviously complemented in this situation by additional
boundary conditions, which can express different quantum states of the surface (e.g., well-known
Tamm’s or Shockley’s states) and take into account the finite distances between surface atoms [22].

This spatial dispersion has little to do with that considered above. Though the general formula
(Equation 2.11) is valid in both theories, this theory ignores the q-dependent corrections in the for-
mula equation (Equation 2.7) and implies uniquely related local and averaged fields, and the theory

* Polaritons are exponentially decaying eigenwaves of the lattice of electromagnetic nature (in lossless dielectric crystals
they are transversally electric (TE)-polarized with respect to the energy propagation). Excitons are waves of E which are not
TE (nor transversally magnetic (TM)). If they are not purely longitudinal (in semiconductors) they are called real excitons
(and are related to electron-hole pairs), if they are longitudinal they are mechanical (E = 0 but P # 0) and Coulomb
(V x E = 0) excitons. Excitons are not important for MTM. Polaritons in MTM lattices can be important, but this effect
cannot be taken into account within the framework of the homogenized model of the lattice.
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developed in [43] avoids the use of this formula. For scientists working in the optics of natural crys-
tal media the most important effects of WSD are related with the terms that we neglected in our
molecular theory. As a result, for the theory developed in [22] the concept of the local field becomes
useless. All the effects of WSD are described in terms of q-dependent vectors and tensors (averaged
polarization current J, averaged field E, and permittivity ).

The theory of WSD neglects excitons and polaritons but takes into account the possibility of res-
onant frequency response of coefficients entering the expansion equation (Equation 2.78). In our
case these coeflicients correspond to not purely electro-dipole polarization of medium particles.
Unlike [44] and similar works, we assume that the volume of integration around the particle cen-
ter in Equation 2.9 is the volume of the particle. And the second-order terms can be significant due
to the resonant response of the particle. As a result, the q dependence disappears in this theory, but
we have to introduce the magnetic moment and higher multipoles.

The authors of [22] assume that the volume Q is that of the unit cell and the second-order terms
are taken into account not because they can be resonant and large, but because they are q dependent
and their presence in the medium response makes possible polaritons and excitons. It is not a theory
of local medium. In other words, the theory [22] does not offer a model of lattice homogenization.

Recently, the approach based on Equations 2.78 was applied in [43] in order to explain the nega-
tive refraction in terms of the second-order spatial dispersion. It was successfully done for isotropic
media. However, on this way the authors of [43] came to our model. Additionally, to the assumption
of the isotropic non-chiral medium 81('9) = O, jand y;jx = 0 the authors of [43] introduced the
assumption (formula (21) of [43]) that in their isotropic media tensor y;j,, takes the special form

a\w
Yijkm (@) = a1(@) LI, + #(erikerjm + erimerik)- (2.79)

This substitution transforms the equation D;=¢;j(w,q)E; in the absence of bianisotropy
(Vijk = 0) into

D= ¢ (w)E+ay(w)V x V xE. (2.80)

Let us now redefine D and H following the Equation 2.58 where T’ = —a,V x E and obtain

D=¢Y(w)E, B-=p(w)H, (2.81)

where o
=— . 2.82
m(w) = — e (2.82)

This redefinition does not violate the covariance of material parameters since all the parameters in the
initial equation (Equation 2.78) are covariant, and it transforms the material equations of the medium
with second-order spatial dispersion to material equations of a usual isotropic magneto-dielectric.

Equation 2.82 was first derived in [23] and in our theory the material equations (Equation 2.81)
correspond to media without higher multipoles (compare with Equation 2.68). It is clear that formula
equation (Equation 2.79) is a restrictive assumption which is equivalent to the assumption of local
isotropic p (no dependence on q in material equations) and to vanishing of the term grad Vv -E in this
special case of Equation 2.71. Excitons and polaritons are then neglected in this special case, as in the
theory of WSD. In other words, paper [43] gives the same results for negative refraction as compared
to its previous description in terms of negative permittivity and permeability in [44]. Results of [43]
confirm the theory of WSD [24].

An anisotropic analogue of formula (Equation 2.82) was derived in [10]:

Ko
1 @20 9%;(©.0)
2 aq;

Wi = (2.83)

9i=9;=9%=0
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In Equation 2.83 the permittivity with components ¢;; is defined by Equation 2.78. Notice that we
presented above the material parameters in arbitrary Cartesian system where they could comprise
oft-diagonal terms. Equation 2.83 was derived for lossless (practically for low-loss) lattices when in
the lattice coordinate system the tensor € is diagonal. Equation 2.83 gives the same result for [t. The
model of the homogenization of lattices discussed in [20] also does not imply the existence of higher
multipoles.”

Section 2.6 is devoted to the physical limitations imposed to local EMP of composite or molecular
media that follow from the obvious causality and passivity conditions. These limitations are strongly
related to the energetic relations in frequency-dispersive media. Therefore, we will first inspect the
energy density in such media.

2.6 Energy Density in Passive Artificial Materials and Physical
Limitations to Their Material Parameters

It is well known that in causal media (and all passive materials are causal), dispersion is accompanied
by losses. Thus, even the definition of stored field energy is far from being trivial (the usual definition
applies only to materials with negligible losses [2]). Also, causality imposes restrictions on physically
possible values of material parameters. This chapter presents an overview of these aspects of meta-
material modeling. This subsection is based on previously published papers [45-47]. We restrict our
analysis to the case of isotropic media without bianisotropy and higher multipoles, i.e., assume that
material equations take the form as in Equation 2.81. Similar analysis for anisotropic media is possible;
however, we do not need it. This chapter is concentrated on local reciprocal bulk artificial materials.
In [2,§38] it was briefly noticed that the same physical limitations concern the components of the per-
mittivity tensor of reciprocal crystal media as those imposed to the isotropic €. The physical reason
of it becomes clear if we consider the permittivity tensor in the diagonal form (i.e., in the Cartesian
coordinates comprising the optical axes). Three components of € enter separately in the refraction
coefficient of the wave propagating along Cartesian axes and having three orthogonal polarizations.
The same assertion can be applied to the components of the permeability tensor fi. In composites
with both nontrivial € and [t all components of these tensors are responsible for refraction index and
wave impedances of waves propagating along the Cartesian axes. The limitations we impose below
to & and p of isotropic media can be referred to as components of € and [, if the composite medium
is described by Equation 2.68. For the case of bianisotropic media the physical restrictions for MCP
are also known [21,23]. However, in this section we do not consider biansiotropic composites and
also avoid the case when 2d-order derivatives of E must be taken into account in material equations.
The physical limitations to the corresponding material parameter are still unknown and the energy
density in such multipolar media has not been studied.

2.6.1 Energy Density

It is well known that the field energy density in materials can be uniquely defined in terms of the
effective material parameters only in case of small (negligible) losses [2]. This is because in the general
case when absorption cannot be neglected, the terms

E-—+H — (2.84)

* This work allows one to understand better the bounds between weak and strong spatial dispersion and also explains the
usefulness of nonlocal material parameters which was already discussed above.
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describe both the rate of changing the stored energy and the absorption rate. Only if the absorption
is negligible, we can write
oD 0B dw. OJwp

E-—+H — = .
ot ot T ot ot

(2.85)

where w, and w, are the energy densities of the electric and magnetic fields, respectively.

For artificial materials based on metal or dielectric inclusions of various shapes absorption can
be neglected when the operational frequency is far from the resonant frequencies of the inclusions
and from the lower Bragg resonant frequency where the phase shift per period approaches 180°, if
the material is periodical. For electromagnetic fields whose spectrum is concentrated near a cer-
tain frequency wy, the time-averaged energy density in a material with scalar frequency-dispersive
parameters €(w) and u(w) reads [2,20]

1 d(we(w))
2 dw

|E|2+% d(wdl‘l‘f)w))

w=wo w=wqo

W= We+Wny = |H|*. (2.86)

If in the vicinity of the operating frequency w, the frequency dispersion can be neglected and € and p
can be assumed to be independent from the frequency (e.g., when the operating frequency is far from
resonant frequencies of inclusions and well below the Bragg resonance), Equation 2.86 simplifies to

1 2 1 2
w=—¢|E|” + —u|H|". 2.87
JelEP + ulH] (287)

The validity of this formula is restricted to positive values of € and p because no passive media in
thermodynamic equilibrium can store negative reactive energy, as this is forbidden by the thermo-
dynamics (the second principle)* [2,49]. This means that frequency dispersion cannot be neglected
when estimating the stored energy in the frequency regions where the material parameters are
negative.

If the material has considerable losses near the frequency of interest, it is not possible to define the
stored energy density in a general way (more precisely, it is not possible to express that in terms of the
material permittivity and permeability functions) [2]. Knowledge about the material microstructure
is necessary to find the energy density, and this problem is far from trivial. A general method to find
the reactive energy density in lossy dispersive magnetodielectrics is presented in [45,47].

2.6.2 Material Parameter Limitations for Low-Loss Passive Linear Media
2.6.2.1 Causal Dispersion

In this section we consider passive linear materials in thermodynamic equilibrium in the frequency
regions where absorption can be neglected and the field energy density can be found in terms of the
effective permittivity and permeability functions. For simplicity of writing, we restrict the analysis to
isotropic media.

L.D. Landau and L.M. Lifshitz in [2,§42] give a proof that for all linear “passive” materials in the
frequency regions with weak absorption (here this assumption means that the frequency-domain
effective parameters can be assumed to be real functions of the frequency) the value of w in Equa-
tion 2.86 is not only always positive,’ but it is always larger than the energy density of the same fields

*In thermodynamically nonequilibrium states, e.g., in nonuniform magnetized plasmas, the field energy may take
negative values [48] leading to power amplification and instabilities, see also [46].
T Positiveness of the derivatives in Equation 2.86 is equivalent to the Foster theorem in the circuit theory.
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E and H in vacuum. Indeed, the following inequalities can be derived from the causality requirement
assuming negligible losses [2]:

de(w)
dw

>0 (2.88)

(Equation 84.1in [2]) and
de(w) S 2(eg —€)

2.89
dw w ( )
(Equation 84.2 in [2]). Summing these two inequalities one finds that [4, §42]

dloe(@)) | o (2.90)

dw

The same is true for the permeability as well, because in the frequency range where permeability
can be defined as a physical linear response function, it satisfies the same physical conditions as
permittivity [2]:

d(u)(;l(f)w)) o o

This has a clear physical meaning: To create fields in a material, work must be done to polarize

the medium, which means that in the absence of losses more energy will be stored in the material

than in vacuum. This result is very general and applies also to passive low-loss MTM with negative

parameters, because this result follows only from the causality principle applied to linear systems.
Inequality (Equation 2.89) can be cast in equivalent form

(2.91)

w > 26 - (). (2.92)

Depending on the value of €, either Equation 2.90 or Equation 2.92 is the stronger inequality. As is
seen from Equation 2.92, when the permittivity is negative and large in the absolute value, it must be
very dispersive.

Considering plane electromagnetic waves in transparent isotropic dispersive materials, Sivukhin
[50] gave one more limitation on the relative material parameters:

d(we,(0)) | pr d(wp (@)
dw € dw

> 0. (2.93)

This relation holds if “both” €, and y, are either positive or negative [50].
If in a certain model the material parameters are assumed to be completely lossless, the above
inequalities can become equalities. For example, the lossless plasma permittivity function

@
e(w) =¢p (1 - wz) (2.94)
is just on the allowed limit, because in this case
w?
M =eo[1+—-L) =260 - e(w). (2.95)
dw w?

It is easy to check that the lossless Lorentz permittivity model [1,§2.3.4]

wZ
e(w) =¢g (1+ 5 p 2) (2.96)

wy —w
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satisfies all the above inequalities at all frequencies. Losses in this model are taken into account by
the small parameter y (|y| < wp) that describes in media from natural atoms the relaxation of the
electron oscillations [2], in media from complex resonant molecules the relaxation of molecular oscil-
lations [14], and in composite media the relaxation of the polarization currents. In all these cases the
dispersion relation (Equation 2.96) generalizes to the form

2

©p

e(w) =€o|l+ - 5. .| (297)
w5 — w? + jyw

The sign of the parameter y will be discussed below.

Modeling of artificial magnetic materials requires more care because the very notion of perme-
ability loses its physical meaning at high frequencies before the permittivity loses its meaning. This is
so because the permeability arising due to the spatial dispersion of the 2d order is more sensitive to
the spatial dispersion than the permittivity. Thus, the model permeability expressions obtained from
quasi-static considerations do not necessarily satisfy the basic physical requirements at high frequen-
cies. An important example is the effective permeability of a mixture of chiral or omega particles [51],
or SRRs [52,53], or of arrays of “Swiss rolls” [53]:

— 1+A7w2 (298)
. wi-w+jyo )’ '

This function has a physically sound behavior (the loss coefficient y is assumed to be small compared
to wo) at low frequencies (u(w) = O(w?)) and near the resonance. But in the limit @ — oo it essen-
tially does not tend to . Really, Equation 2.98 gives u(w — oo) — 1 — A; however, the amplitude of
the Lorentz resonance A can be much larger than unity. However, in the limit of extremely high fre-
quencies materials cannot be polarized at all because of inertia of electrons, so the parameters must
tend to €y and . As a result, this expression becomes nonphysical (due to instantaneous response
of the material, condition given by Equation 2.91 is not satisfied) at frequencies larger than /3.
For this reason, some authors use the simple Lorentz dispersion law (Equation 2.96) to model the
effective permeability of dense arrays of SRRs [54]. This model is physically sound at high frequen-
cies, but fails in the low-frequency limit, because in that case the effective permeability does not tend
to o at  — 0. However, in the static limit artificial magnetic response cannot exist because static
magnetic field cannot induce any current in nonmagnetic inclusions. In the vicinity of the resonant
frequency both models give similar results.

As explained in [2,§41], the integrals in the Kramers-Kronig relations should be truncated at a
high enough frequency where the permeability becomes nearly real and constant (formula (82.17) in
[2]). At higher frequencies the permeability loses its physical meaning.

In [2] readers can find a discussion on effective permeability of matter at optical frequencies. In
[2,§30] it is concluded that permeability in the visible is trivial (equals to o). It is often thought that
the permeability of any composite medium (including MTM) must be obviously equal to unity and
the resonant magnetism is forbidden in the optical range as such. However, the content of [2,§30]
refers only to “natural” media and is based on the observation that the magnetic susceptibility of
atoms is proportional to v*/c? where v is the effective velocity of electrons oscillating in an atom in
the optical electric field applied to the atom. This has nothing to do with the artificial magnetism
studied in this chapter, for which no restriction to the maximal positive or minimal negative values
of the real part of p is known at optical frequencies. Equation 2.98 can be referred to media from
optical SRRs as well, though it is practically valid for the resonant frequency region.

In [47] it was shown that for conducting particles comprising effective loops for the induced cur-
rent (like SRRs) the dispersion law (Equation 2.98) is an approximation that neglects the dielectric
losses in the capacitive portions of the scatterer as compared to conductivity losses in its metal parts.
In other words, the imaginary part of g determined by Equation 2.98 properly describes the case when
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the conductivity losses in the particle dominate. More accurate consideration based on the circuit
model of the conducting scatterer leads to the following form of the dispersion of permeability:

2
Aw” - joB ) (2.99)

el
Here the parameters B and y are dependent on the effective resistor R; “shunting” the effective
capacitance C of the scatterer (the larger the dielectric losses the smaller is R;): B = B’/R; and
Y = Y1+ Y2/Ry. The frequency dependence of R, was studied in [47] based on the Lorentz dispersion
of the permittivity of the medium that determines the effective capacitance of the scatterer. It can
be a homogeneous host medium or a special dielectric insertion into the capacitive portion of the
magnetic scatterer. The losses of this medium determine R, and practically R ~ 1/w?. Then we have
u(w — 00) - 1-B’/y,, where B’ << y; and p(w — o0) ~ 1. Formula 2.99 is not exact, but it describes
the dispersion of the permeability at high frequencies much better than Equation 2.98.

Formula 2.99 can be generalized to optical frequencies if the particle can be modeled as a system
of optically small effective loops with comparatively small splits. For example, it is applicable to opti-
cal SRRs since the generalization of the microwave model (Equation 2.98) to the optical range was
properly done in [55].

2.6.2.2 The Sign of the Imaginary Part of Effective Parameters

Though the energy density in media composed by dispersive particles comprises the frequency
derivatives of material parameters, the dissipation of energy by unit volume of the medium in unit
time can be written for every frequency harmonic as [2,$61]:

Q=+ ( solmgs)ﬁz , tolm(p)A* ) : (2.100)

2

Here A denotes the time averaging of a real scalar function A = A, cos(wt + ¢), which is equal to
A = Ag/2. The plus sign in Equation 2.100 corresponds to the temporal dependence exp(—iwt), the
minus sign corresponds to exp(jwt). This dissipation factor Q is obviously always positive since the
second law of thermodynamics establishes the equivalence of dissipation and heating [2]. Because
by varying distribution of sources one can realize arbitrary spatial distributions of fields (e.g., it is
possible to distribute sources so that in some volume magnetic field is zero or very small while electric
field is strong, or the other way around), it is obvious that both terms in Equation 2.100 must be
positive [4]. This implies that both imaginary parts of € and p must be positive for exp(-iwt) and
negative for exp(jwt). This also defines the sign of the loss coefficient y in the Lorentz dispersion
models and Equations 2.97 and 2.98: positive for exp(jwt) and negative for exp(—iwt). In passive
low-loss media (|Im|(¢e) <« |Re(¢)| and |[Im ()| < |Re(p)|) the electric and magnetic energies can be
separated [2], and two terms in Equation 2.100 describe the electric and magnetic energy dissipation,
respectively.

If losses are so significant that |Im|(e) > [Re(e)| and [Im(p)| > |[Re(p)| holds within the resonant
band of inclusions, the wave decays so fast that the local material parameters have no physical mean-
ing. Therefore, we consider Equation 2.100 as applicable in frequency regions where the concept of
local EMP makes sense.

In the modern literature devoted to MTM there are different points of view on the sign of Im(¢)
and Im(p). In some works [58] it is assumed that one of two EMP can have the “wrong” sign of the
imaginary part if the imaginary part of the refraction index n has the correct sign. In other works
[59] it is stated that the requirement of the correct sign of Im(¢) and Im () is obvious, and even the
known algorithm of the extraction of EMP of MTM lattices through the reflection and transmission
of MTM slabs is modified so as to satisfy this condition. In other works [60] it is assumed that the
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correct sign of Im(¢) is obvious, whereas the sign of Im(p) can be arbitrary, since y is related to
spatial dispersion. This difference between the origin of € and p is not a valid argument for homoge-
nized arrays of small scatterers. The result of the theory of WSD is p representing the local magnetic
response of the medium.

The requirement of the correct sign of Im(e) and Im() cannot be avoided for local (successfully
homogenized) media. Speculations that to respect the correct sign of Im(#) is enough stand no crit-
ics, because the correct sign of n ensures passivity only in case of individual plane waves traveling in
the medium, but not for arbitrary field distributions. It is obvious [61] that if the sign of Im(¢) or if
the sign of Im() is incorrect separately, it implies “negative heating” of medium samples located in
a resonator. If the medium sample with the wrong sign of Im(¢) is centered at the maximum of the
electric field (the node of the magnetic field), energy is generated in it, since the electric field dom-
inates over the magnetic field in the sample, and negative electric losses are more important than
the positive magnetic losses. If the medium sample with the wrong sign of Im () is centered at the
maximum of the magnetic field (the node of the electric field), energy is also generated in it.

We do not comment here on the method of extraction of EMP [59] introducing the condition of
the correct sign of both electric and magnetic losses into the algorithm, since a special chapter is
devoted to the correct extraction of local EMP for composite layers. However, we should notice that
the correct extraction of local EMP from experimental data or data of numerical simulations should
obviously satisfy this condition.

2.6.3 Concluding Remarks

MTM designed to exhibit such properties as negative permittivity and permeability have complicated
microstructures. As it was noticed above, most of the interesting phenomena take place when the
inclusion resonates, and within the resonant band the effective wavelength in the medium strongly
shortens. Within these bands MTM exhibit spatial dispersion effects. If the spatial dispersion is strong
in the meaning discussed above, i.e., if the medium is nonlocal, the usual effective material param-
eters lose their physical meaning. The theory of WSD briefly reported in this chapter reveals related
limitations to the effective medium description. WSD is of prime importance for MTM formed by
complex particles. The physical limitations to material parameters are reported above only for MTM
without higher multipoles. The contribution of multipolar polarizations in MTM has not been inves-
tigated up to the present time. This study is very important. It will give a new insight of existing and
prospective MTM and will help to separate MTM with strong spatial dispersion from MTM which
can be homogenized.

The situation with spatial dispersion in MTM with inclusions optically long in one direction and
small in other direction (directions) is totally different. This concerns for example wire media (arrays
of thin conducting wires used to realize negative permittivity). Since the wires are usually quite long
(large inclusions), spatial dispersion is very strong even at very low frequencies [56]. However, in sim-
ple wire media [56] this spatial dispersion holds only if the wave propagates obliquely with respect
to the axes of wires. If it propagates transversally to them, the local permittivity tensor can be intro-
duced. The component of this local permittivity tensor parallel to wires is negative at low frequencies
and obeys the Drude dispersion law (more details in the corresponding chapter). For waves propa-
gating in this transversal plane in arrays of parallel Swiss rolls [53] the theory of WSD can be applied
and the local tensor of permeability can be introduced.”

* In [106] very specific “material parameters” were introduced for lattices of SRRs and Swiss rolls. They look like nonlocal
(strongly angularly dependent tensor parameters) even in local media. The physical meaning of these material parameters
and their applicability in boundary problems is still unclear in spite of discussions in the literature, for example in [124].
In this chapter we do not discuss these and similar exotic material parameters.
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3.1 Introduction

The notion of symmetry in its simple form is known to any engineer: a rectangle has two planes of
symmetry, a sphere is indistinguishable after rotation by any angle, an infinite crystal is characterized
by periodicity. Space reflections, rotations, and translations are examples of geometrical symme-
tries. After the publication of Einstein’s theory of relativity, physicists began to consider Time as a

3-1
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3-2 Theory and Phenomena of Metamaterials

geometrical coordinate and to discuss the corresponding symmetries as well. But the ideas of symme-
try are not restricted only by geometry. Nongeometrical symmetries, for example, gauge invariance,
dynamical symmetries, etc., are effectively used in modern physics.

The group theory is a mathematical tool for description of symmetries. Many applications of
group theory in crystallography, quantum mechanics, and in classical and quantum electrodynamics
are described in physics and mathematics literature. In particular, the group theory had and has
a deep influence on the development of molecular and solid-state physics. Group theory is used
to select those mathematical models which are adequate for description of a new phenomenon.
When the physical theory is developed, the group theory allows one to define some general prop-
erties of the physical object under consideration without solution of the corresponding differential
equations.

The aim of this chapter is to consider some of the group-theoretical methods which are used for the
study of complex media. Our discussion will be based on the magnetic group theory which includes
nonmagnetic groups as a particular case.

3.2 Symmetry of Maxwell’s Equations

Symmetry of mathematical objects (such as differential and algebraic equations, tensors, matrices)
and the concepts of equivalence and invariants can be defined shortly as follows [1]:

Equivalence deals with the determination of when two mathematical objects are the
same under a change of variables. The symmetries of a given object can be interpreted as
the group of self-equivalences. Conditions guaranteeing equivalence are most effectively
expressed in terms of invariants, whose values are unaffected by the changes of variables.

Geometrical symmetry of a physical object is defined by a set of the transformations which bring
the object into self-coincidence. These transformations are rotations, mirror reflections in a plane,
translations and combinations of them. Often, Time reversal is also considered as an element of
geometrical symmetry. In this chapter, we shall consider some symmetries which exist in classical
electromagnetic theory based on Maxwell’s equations. The variables of our physical problems are
Space and Time coordinates.

The simplicity and elegance of Maxwell’s equations are defined by their high symmetry [2]. The
symmetry of Maxwell’s equations in vacuum with respect to continuous translations in Space (due
to homogeneity of Space), Time (due to homogeneity of Time), and rotations (due to isotropy of
Space) gives rise to conservation of linear momentum, energy, and angular momentum, respectively.
The combined continuous Space-Time symmetry leads to the invariance of Maxwell’s equations
with respect to Lorentz transformations. The special theory of relativity is closely related to this
symmetry.

In addition to the continuous Space- and Time-translation symmetry, Maxwell’s equations possess
some discrete symmetries. They are Space inversion, Time reversal, and charge conjugation (P, T,
and C, respectively), and combinations of these symmetries.

Maxwell’s equations also have other types of symmetry which are not defined by change of the
Space-Time variables. They are often called “hidden” symmetries [2]. For example, Heaviside’s
transformation for electric and magnetic fields E — H and H — —E is known in electromagnet-
ics as the duality principle. A generalization of this transformation is E — Ecos6 + Hsin® and
H — —Hcos0 — Esin 0, where 0 is a parameter. The hidden symmetries allow one to obtain new
solutions from the known ones.

Maxwell’s equations become complete with constitutive relations or with equations of medium
motion. These relations and equations usually also possess some symmetry. Besides, in practical
problems one should take into consideration symmetry of the electromagnetic sources and of the
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boundary conditions. The resulting symmetry of the problem will depend on all these constituents.
This symmetry is defined by Curie’s principle of symmetry superposition and it always leaves its
footprints in the solutions of the problem.

Symmetry operations form groups. Discussion of the symmetry problems is simplified greatly
by using group theory (Appendix A). This theory is a natural mathematical tool for analysis of the
consequences of the symmetry in solutions of the corresponding equations.

3.3 Symmetry of Complex Media and Sources

3.3.1 Symmetry of Complex Media

The simplest homogeneous stationary unbounded linear medium has continuous translational sym-
metry. It is also invariant under Time reversal. Any point of this medium is described by the point
group of symmetry K}, (the Schoentflies system of group notations is given in Appendix B) which
defines the highest possible spherical symmetry. We can consider such a medium as a special waveg-
uide of electromagnetic waves with linear polarized plane waves as eigenmodes. A “cross section”
of this waveguide, i.e., a plane normal to the wave vector, has the symmetry Co.,. Electromagnetic
properties of this medium do not depend on direction.

An unbounded homogeneous chiral medium possesses a lower symmetry which is described by
the continuous point group K. A random distribution of electrically small helixes gives this symme-
try. If any point of space has the symmetry K, it is a homogeneous chiral medium with right-handed
or left-handed properties. Any cross section of this medium has the symmetry Co,. The eigenmodes
of the medium are right-handed or left-handed circularly polarized plane waves. All the directions
in such a medium are equivalent.

The media of the above two examples have simple properties due to their spherical symmetries.
These symmetries correspond to the symmetry of scalars (the group Kj) or pseudoscalars (the
group K), and the constitutive parameters of the media are scalars or a combination of scalars and
pseudoscalars, respectively.

Uniaxial media with one principal axis of infinite order Co, can be of different types. A medium
which is formed, for example, by electrically small cylindrical particles oriented in one direction has
the symmetry Do ;. A medium formed by cones oriented along one axis possesses the symmetry
Coov- The uniaxial media are described by the second-rank constitutive tensors and electromagnetic
properties of them depend on direction.

Anisotropic and bianisotropic media described by lower discrete groups of symmetry have usually
a more number of independent parameters and more complex electromagnetic properties.

Symmetry of a complex medium is defined by the symmetry of atoms and molecules
and their space conformations in natural media and by symmetry of artificial particles and
their arrangements in artificial media. If both the particles and the distances between them are electri-
cally small, some methods of electromagnetic averaging can be used to calculate the effective medium
parameters. Several examples of artificial particles with different geometries are shown in Figure 3.1.

3.3.2 Symmetry of Electromagnetic Sources

Electromagnetic sources can also be described in terms of magnetic groups. The electric dipole, for
example, has the symmetry Co, ; the magnetic dipole is described by the group Doy, (Coo, ) (the mag-
netic groups and their notations are discussed in Appendix B). Symmetry of more complex sources
such as continuous and discrete charge and current distributions, double electric layers, antennas and
arrays of antennas can be found using Curie’s principle.
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FIGURE3.1 Examples of symmetrical artificial elements: 3D grid spaced a distance d. # d. = d, with the symmetry
Dyy, (a). 3D array of dipoles described by the symmetry D,j, (b). 3D array of crosses with the symmetry C», (c). Helix:
the medium formed by electrically small helixes has the symmetry Doo (d). Omega-element in the form of a hat with the
symmetry Cy, (e). 3D magnetic particle with the symmetry Oy, (f). (From Barybin, A.A. and Dmitriev, V.A., Modern
Electrodynamics and Coupled-Mode Theory: Application to Guided-Wave Optics, Rinton Press, Princeton, NJ, 2002. With

permission.)

3.3.3 Curie’s Principle of Symmetry Superposition

Artificial composite media can consist of a host material and some inclusions (particles), and may
be under external fields and forces (perturbations). The host material may have a certain symmetry,
the inclusions and their spatial arrangements may also be described by certain groups of symmetry.
External perturbation may be of different natures (for example, electric and magnetic fields, mechani-
cal forces, temperature fields and their combinations) and of different symmetries. In this case, the
problem of determination of the symmetry group of the medium can be solved on the basis of Curie’s
principle, known in crystallography. In mathematical language, Curie’s principle can be written as
intersection of the symmetry groups of all the constitutive elements of the medium: the host material
with the symmetry G, the shape of the particles and their arrangements with the symmetry G,, an
external perturbation with the symmetry Gj, etc.:

GreSZGIHGzﬁG:),ﬁ.... (31)

This expresses the principle of symmetry superposition, that is, the symmetry of a complex object is
defined by the highest common subgroup of the groups G;, G,, Gs ... which describe the object.

As examples of the use of Curie’s principle to find the resultant symmetry G, let us consider the
following combinations:

1. Isotropic ferrite chiral medium with applied dc magnetic field Hy
2. Static electric field Ey and a uniform dc magnetic field Hj intersecting at a right angle
In case 1, the chiral medium under dc magnetic field acquires the symmetry Do, (Co ) because the
group K describing chiral medium and the group Do, (Coop,) describing dc magnetic field have one
common element (except the unit element), namely the axis Co; besides, an infinite number of axes

of the second order C, perpendicular to the axis Co, are converted under dc magnetic field into the
antiaxes TC,.
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FIGURE 3.2  Examples of external perturbations: uniform static electric field E¢ (a), uniform dc magnetic field Hy
(b), velocity of a moving medium v (c). (From Barybin, A.A. and Dmitriev, V.A., Modern Electrodynamics and Coupled-
Mode Theory: Application to Guided-Wave Optics, Rinton Press, Princeton, NJ, 2002. With permission.)

In case 2, the resultant magnetic symmetry of the two vectors Eq and Hy is Cy, (C;). This group
has one plane with Hy perpendicular to it, one antiplane of symmetry (both E, and Hj lie in this
antiplane), and the antiaxis coinciding with the direction of vector Ey.

According to Curi€’s principle, an isotropic medium with the symmetry Kj under an external
perturbation acquires symmetry of this perturbation. For example, an isotropic dielectric medium
with applied static uniform electric field E, (Figure 3.2a) has the symmetry of the electric field Co, .
An isotropic ferrite medium under uniform dc magnetic field Hy depicted in Figure 3.2b acquires
the symmetry of the magnetic field D, (Coop, ). In still another example, the velocity v of a moving
isotropic dielectric medium leads to electric current J¢, which in its turn produces a dc ring mag-
netic field Hy shown in Figure 3.2c. Therefore, a moving dielectric medium acquires the magnetic
symmetry Dooj, (Cooy ). These symmetries define the structure of the constitutive tensors for the cor-
responding media. Thus, external perturbations may change electromagnetic properties of media. In
particular, an isotropic medium under perturbation may become anisotropic or even bianisotropic.

3.4 Time-Reversal Symmetry, Reciprocity, and Bidirectionality

3.4.1 Time-Reversal Symmetry

An important physical symmetry, which is widely used in physics and, particularly, in classical elec-
trodynamics, is defined by the Time reversal. Literally, the Time-reversal operator T denotes the
change of the sign of Time t, i.e., t — —t. Maxwell’s equations are invariant with respect to this
operator.

In mathematical description of physical problems, the operator T reverses the direction of motion.
In the time domain, as a result, it changes the signs of the quantities which are odd in Time: the
velocity, the wave vector, the magnetic field, the Poynting vector, etc. In the frequency domain, the
operator T also complex transposes all quantities.

One of the important consequences of the Time-reversal symmetry is the Onsager’s theorem [4],
which has a general nature. Symmetry of the permittivity and permeability tensors with respect to
their main diagonals for nonmagnetic media, for example, follows from this theorem. In the theory
of microwave circuits with nonmagnetic materials, symmetry of the scattering matrix with respect
to its main diagonal is also a consequence of this symmetry.

There are certain difficulties in physical interpretation of the operator T. For example, in the wave
equations obtained from Maxwell’s equations combined with constitutive relations, the Time-reversal
operator transforms a passive medium in an active one and as a consequence, a damping electro-
magnetic wave into a growing one. Thus, the dissipative processes are not Time reversible (notice
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that in order to overcome this difficulty at least mathematically, it was suggested in [5] to use the
so-called restricted Time-reversal operator T, which preserves the passive or active nature of the
medium). Another example of difficulties in the operator T interpretation is as follows: a plane wave
diffracted on an object is transformed into a spherical one, but nobody has seen the Time-reversed
process when an incoming spherical wave is transformed into the plane wave. Still another example
is transformation of the sources under Time reversal into sinks.

These examples show that the approach based on the Time-reversal invariance, where the present
and the past are reversible, strictly speaking is not correct. There exists “the arrow of Time” [6]. In the
mathematical description of thermodynamical processes, in particular, one of the consequences of
this irreversibility is splitting of the dynamical group of evolution of a physical system with an oper-
ator U(t) into two semigroups, one for U(+t), and the other one for U(-t). In nonlinear problems,
the Time reversal also should be excluded from consideration.

In spite of these difficulties in interpretation of the Time reversal, the idea of using this operator
in classical electrodynamics is very fruitful. In particular, the Lorentz reciprocity theorem can be
considered as a consequence of the invariance with respect to the restricted Time-reversal operator.
The operator 7 is especially useful in the problems involving magnetic media.

3.4.2 Reciprocity

In general, reciprocity principles in electromagnetics are related with the interchange of cause and
effect. A simple example is interchange of the positions of a source and a detector which leads to the
same results in measurements. The nonreciprocity of a medium can manifest itself in difference of
the wave vectors (phase, velocity difference), of the structure of electromagnetic waves (particularly,
in polarization), or in amplitudes of the waves propagating in opposite directions in the medium.

For scattering and guided wave problems, the reciprocity theorems are useful tools in solving these
problems. In many particular applications, reciprocity theorems are formulated often in simplified
forms, for example, for linear regime and local media, for monochromatic radiation, for scalar waves,
for finite regions of scatterers, for prescribed directions of the incident and reflected waves, etc. [7].

Reciprocity can be considered as a special type of symmetry. Reciprocity is closely related to the
Time-reversal symmetry, though these two types of symmetry are, in general, different. The principal
difference is that the Time-reversal symmetry does not exist in the presence of absorption, but the
reciprocity can exist in this case. Reciprocity of the problem manifests itself in the symmetry of the
constitutive tensors, scattering matrices, and Green’s tensors.

3.4.3 Bidirectionality

We call a given medium bidirectional for a given direction of the wave vector k if there is a geometrical
operator R, or a combined Time-reversal geometrical operator TR, such that

Rik = -k, (3.2)
or
TRk = -k. (3.3)

With this condition, for any branch of the dispersion characteristic w, (k) with the vector k there
exists another branch w,, (—k) with the vector —k such that

0, (k) = 0, (-Kk). (3.4)
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In Equation 3.4, different subindexes n and m are used because, in general, the structure of the
electromagnetic field of the eigenwaves corresponding to k and —k is different.

The following symmetry elements change the sign of the vector k defining bidirectionality
in media:

* Reflection in a plane for the direction of propagation normal to the plane
* Improper rotation about an axis for the direction of propagation along this axis
* Center of symmetry (inversion) for any direction of propagation

* Rotation about an axis through 7 for the directions of propagation perpendicular to
this axis

* Reflection in an antiplane for the directions of propagation parallel to the antiplane
* Rotation about an antiaxis for the direction of propagation along this antiaxis

In a nonmagnetic medium, the notion of bidirectionality is related to the notion of equivalent
directions. All the physical properties of a medium along the equivalent directions (not necessarily
opposite) are the same. This is stipulated by the presence of some elements of symmetry: axes, planes
and the center (inversion symmetry). However, existence of these symmetry elements in magnetic
media does not always lead to equivalence of the directions. For example, a plane of symmetry in a
nonmagnetic medium defines equivalent directions normal to the plane. But the plane of symmetry
which is perpendicular to a dc magnetic field does not define equivalent directions. For the opposite
directions normal to this plane, the circularly polarized eigenwaves of the same handedness have
different propagation constants, and this property defines the well-known nonreciprocal Faraday
effect.

Notice that the condition w, (k) = w,,(-k) is not a sufficient condition for nonreciprocity, i.e., the
bidirectional medium can be reciprocal or nonreciprocal.

3.5 Material Tensors

3.5.1 Different Forms of the Constitutive Relations

In practice, those media are usually used which have a certain symmetry. This is because the sym-
metrical media make it possible to choose and control physical effects used in electromagnetic
components and devices. Due to very high symmetry of microscopic Maxwell’s equations without
sources, the resulting symmetry of the system “Maxwell’s equations + a medium” is defined by the
symmetry of the constitutive relations of this medium.

Using group-theoretical approach, one deals only with geometry and is not concerned with the
physical properties of medium particles and their dimensions, and consequently, the numerical
values of the tensor parameters.

For bianisotropic media, the vectors D and H are related to both vectors E and B. The functional
dependence

D = D(E,B), (3.5)

H=H(E,B), (3.6)

i.e., the constitutive equations may be involved and, in general, contain integral-differential opera-
tors. In the above equations, E and H are the electric and magnetic field-intensity vectors, D and B
are the electric and magnetic flux-density vectors.

We shall consider unbounded linear, stationary and, in general, dissipative bianisotropic media
in the frequency domain. The media under consideration are assumed to be homogeneous,
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i.e., the constitutive tensors are not functions of space variables (long-wave approximation), but elec-
tromagnetic properties of the media depend, in general, on direction in space. The elements of the
constitutive tensors are complex due to complex electromagnetic field consideration and due to pos-
sible losses in media. The numerical values of the tensor elements depend on frequency. It means that
the media are time dispersive and obey the Kramers—Kronig relations [8] which are a consequence of
causality.

In what follows, we shall be interested in the structure of macroscopic constitutive tensors. It
means equality of some of their elements to each other, or equality of the element moduli but
with opposite sign, or equality of the elements to zero. Such a structure is dictated by Space-Time
reversal symmetry of the medium. Symmetry may reduce significantly the number of independent
parameters of the tensors and simplify the following analysis of electromagnetic properties of the
medium.

The linear relations between the four vectors D, B, E, and H can be written in different forms. One
of them is the presentation DB(EH) which is often used in the theory of bianisotropic media:

(E)ZK(I]-EI) where K=(§ E) (3.7)

The tensors of the second rank € and p are the tensors of the permittivity and permeability, respec-
tively. The magnetoelectric tensors § and { describe the cross-coupling between the electric and
magnetic fields. N -

From general properties of the tensors we know that any relation between the tensors expressed
as a sum or a product of them is invariant with respect to the group of permissible coordinate trans-
formations [9]. It allows one to show that the tensor structure obtained by symmetry principles is
invariant with respect to the presentations DB(EH), EH(DB), DH(EB), and EB(DH). The traditional
presentation DB(EH) is convenient in some applications, particularly, in solutions of boundary value
problems where the boundary conditions are written in terms of tangential components of E and H
in calculations of Poynting’s vector and impedances.

3.5.2 Calculation of the Constitutive Tensors and Some of Their Properties

It is well-known that the structure of the constitutive tensors can be simplified by making use of
symmetry operations corresponding to the point group of the crystal [10]. The magnetic group
of symmetry of a medium is defined by the symmetry of its particles, their mutual arrangement,
the symmetry of the host medium, the symmetry of the external perturbations, as it follows from
Curie’s principle of symmetry superposition (Section 3.3.3). In this section, we discuss a method of
calculation of the second-rank tensor structure for complex and bianisotropic media with a known
symmetry.
The tensors €, p, § and { of Equation 3.7 form the constitutive relations

D=¢-E + £-H, (3.8)

B=(-E + p-H (3.9)

The four 3 x 3 tensors of Equations 3.8 and 3.9 in the most general form contain 36 independent
parameters. The structure of the tensors describing a symmetrical medium depends on the mutual
orientation of the chosen Cartesian coordinate system x, y, z and the symmetry axes and planes of the
medium. Usually, the orientation of one of the coordinate axes is chosen to be along the symmetry
axis of the highest order.
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Using matrix representations of 3D point symmetry operators (see Appendix D) and transfor-
mation properties of the tensors of the second rank [23], from invariance of the medium under
Space-Time reversal transformations, one can obtain the following identities:

1. For the case of unitary transformations (they correspond to Space symmetry):

R-e=¢-R, R-p=pu-R, (3.10)

R-E=det(R)§-R, R-{=det(R)(-R, (3.11)

2. For the case of antiunitary transformations (they correspond to combined Space-Time
reversal symmetry):

R-e=¢"-R, R-p=y" R (3.12)

R-E=-det(R){'"R, R-{=-det(R)E"-R, (3.13)

where R is the 3D matrix representation of the corresponding group element and the superscript t
means matrix transposition.

The number of independent parameters of the constitutive tensors can be reduced using
Equations 3.10 through 3.13. It is not necessary to use all the group elements to calculate the ten-
sors. It is sufficient to use only generators of the group (Appendix A) for this purpose. For the
magnetic groups of the third category (Appendix C), the generators can be chosen as generators
of the corresponding unitary subgroup and any antiunitary element.

In accordance with Hermann’s theorem [11], some of the groups lead to identical tensor structure.
German-Hermann’s theorem for our case reads as follows: “If C,, is an axis of symmetry for a consti-
tutive tensor (of rank 2) and »n > 2, then the axes Cs, Cy, ..., Co are also the axes of symmetry for
this tensor” In other words, all the axes of geometrical symmetry higher than 2 are converted into the
axes of infinite order for the tensors. If the group also has a plane of symmetry which is perpendicular
to this axis, the corresponding tensor acquires the center of symmetry.

Thus, the symmetry of medium and the symmetry of the second-rank tensor which describes this
medium may not coincide. The tensor symmetry may be higher than the symmetry of the medium.
This is reflected, for example, in the fact that though the cubic crystals do not have isotropic symmetry
of their unit cells, nevertheless, their tensors are degenerate to scalars. Anisotropy of these crystals
appears when we describe them in terms of the tensors with ranks higher than 2. The full tables of
the second-rank tensors comprising 122 crystallographic and 21 continuous magnetic point groups
can be found in [12].

An example of the calculated tensors for the continuous groups of the first category is given in
Table 3.1 for the orientation of the axis Co, || z. Notice that the calculated structures of the tensors
€ and U coincide because they have the same transformation properties and they are calculated by
the analogous expressions (Equations 3.10 and 3.12).

Nonreciprocity of a medium is defined by any of the conditions [13]:

exe!, pryp', £# - (3.14)

Thus, the structure of the constitutive tensors of complex and bianisotropic media is defined in
many respects by symmetry of the media and of external perturbation. The dynamical peculiarities
of the media are reflected in the numerical values of the constitutive parameters and sometimes in a
simplification of the tensor structure in comparison with those calculated by symmetry methods [23].

The structure of the tensors is frequency- and model-independent. In particular, it does not depend
on possible effects of the mutual interaction between particles of the medium. It is a consequence of
the symmetry approach used for calculations.

© 2009 by Taylor and Francis Group, LLC



3-10 Theory and Phenomena of Metamaterials
TABLE 3.1 Constitutive Tensors for Media Described by Continuous Groups of the First Category
N Group 0 € £ 4
1 Ky u € 0 0
2 K u € 13 &
b 00 en 0 0
3 Do ( ¢ w0 ) ( 0 e 0 ) ( 0 ) 0 )
0 0 W33 0 0 €33
i 0 0 €11 0 0 3N 0 0 -&n 0 0
4 Deo ( 0 pu O ) ( 0 e O ) (0 &b 0 ) ( 0 —&n 0 )
0 [V TES 0 0 exn 0 0 &3 0 0 —&3
i 0 0 €1 0 0 0 ISP 0 &2 0
5 Cooy ( 0 pn 0 ( 0 en 0 ) (—212 0 0 &1 0 0
0 0 W33 0 0 €33 0 0 0 0 0 0
it 0 0 €n 0 0
Coe DGR OO
0 0 U33 0 0 €33
[} 0 0 €n 0 0 &n 3% 0 -&n 3% 0
7 Coo ( 0 100 0 ) ( 0 € 0 ) (*le &n 0 ) (’EIZ -&u 0 )
0 [V TE 0 0 exn 0 0 & 0 0 —&3

Source: Barybin, A.A. and Dmitriev, V.A., Modern Electrodynamics and Coupled-Mode Theory: Application to Guided-Wave
Optics, Rinton Press, Princeton, NJ, 2002. With permission.

Reciprocity of a medium is stipulated by the symmetry of the constitutive relations with respect to
the restricted Time-reversal operator 7.

Besides Space-Time reversal symmetry constraints considered above, some other restrictions,
when imposed on the constitutive tensors can simplify them. For example, the idealization of
losslessness [13]:

+

e=e, p=pf, £=0 (3.15)

leads to further reduction of the number of independent parameters. In the above equations, the
symbol “1” stands for the complex conjugation and transposition. Another example of the restrictions
is the so-called Post constraint [14].

A remark should be made with respect to the decomposition analysis of the constitutive ten-
sors. One can decompose a tensor into the sum of its symmetric and antisymmetric parts, then the
symmetric part can be decomposed into a sum of a spherical (scalar) one and a deviator, etc. The
antisymmetric part of the tensor p, for example, describes an axial vector (a dc magnetic field or
magnetization), the deviator of the tensor € presents the quadrupole electrical moment. Thus we
can take into account the multipole contributions in the constitutive tensors and obtain additional
information about the electromagnetic properties of the medium.

Finally, we can notice that some general electromagnetic properties of linear homogeneous media
can be defined by inspection of the constitutive tensors. In accordance with Neumann’s principle,
known in crystallography [15], symmetry of a medium defines some possible physical effects in the
medium and those which are “forbidden” completely. Therefore, using the group decompositions
(group trees) and the existing tables of the tensors [12], one can select those symmetrical media which
can possess certain electromagnetic properties.

The group-theoretical approach is based on very general grounds, namely on symmetry principles.
One can consider the tensors calculated for different groups of symmetry as a systematic classification
of bianisotropic media.

3.6 Symmetry of Photonic Crystals

3.6.1 Symmetry Description of 2D Magnetic Crystal with Square Lattice

From the point of view of symmetry, any photonic crystal is a periodic structure, i.e., it possesses a dis-
crete translational symmetry [20]. Besides, one can consider also geometrical symmetry of dielectric
elements, symmetry of their material (for example, anisotropy), geometrical symmetry of the crystal
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FIGURE 3.3 2D square lattice of circular cross-section ferrite rods (a), the unit cell magnetized by Hy || z (b).

unit cells and Time-reversal symmetry. The symmetry of possible external perturbations (such as
static electric or dc magnetic fields) should also be taken into account.

We shall not discuss the consequences of the periodicity of the crystals which are mathematically
expressed in Bloch’s theorem and geometrically presented by the Brillouin zone (BZ). Instead we shall
concentrate ourselves on the point group symmetry of the crystals.

In order to illustrate the group-theoretical approach to photonic crystals, let us apply to a relatively
simple example of a 2D magnetic crystal with square lattice (Figure 3.3). The uniform in z-direction
circular ferrite rods are oriented along the z-axis. They form a square lattice in the plane x-y. The
permeability of the magnetized ferrite rods is a tensor of the second rank p(r) and the permittivity
is a scalar €(r). The space between the rods is filled with a dielectric with a scalar permeability p and
a scalar permittivity e. Both the ferrite and the dielectric are for simplicity considered to be lossless.
Without a dc magnetic field, one can consider the ferrite rods as dielectric ones described by a scalar
permeability u(r).

The square unit cell of the lattice has the period d in both the x- and the y-direction (Figure 3.3a).
The uniform dc magnetic field is an axial odd in Time vector with the symmetry Do, (Coor ). The
group Do, (Coop) contains all the rotations about the vector Hy, the twofold rotations about the
axis normal to Hy combined with the Time reversal T, and it also has the product of Space inver-
sion with all the above operations. In accordance with Curie’s principle of symmetry superposition,
the magnetic group of the crystal is defined by the elements of symmetry which are common for
the point group Cy, + TCy, of the nonmagnetic square lattice and the magnetic group Doy (Coop)
of the dc magnetic field Hy.

The resulting group of symmetry of the magnetic crystal will depend on the orientation of Hy with
respect to the z-axis in Figure 3.3a. All the possible magnetic groups of symmetry can be obtained
from the group tree of Figure 3.4. All these groups are subgroups of the group of symmetry Cy, + T Cy,
of our crystal in nonmagnetic state.

We shall consider the crystal magnetized by magnetic field Hy || z (Figure 3.3b). The resulting
group of symmetry of the system “2D square lattice + dc magnetic field” is C4, (C4) which contains
the following eight elements:

* e is the identity element
* C, is a rotation by m around the z-axis
* C, and C;' are rotations around the z-axis by 7t/2 and by —7/2, respectively
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C /C4V\C
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FIGURE 3.4  Subgroup decomposition of the point group Cy,.

* To, and To, are the antireflections in the plane x = 0 and in the plane y = 0, respectively

* To(4-a) and To(,_p) are the antireflections in the planes which pass through the z-axis
and the line (a-a) and (b-b), respectively

Notice that application of a dc magnetic field leads in general to a reduction of symmetry of the
nonmagnetic lattice.

Before discussing the symmetry of the wave vector k, one should define the BZ of the crystal. First
of all, the shape of the BZ zone does not coincide, in general, with the shape of the unit cell of a lattice.
However, in the case of the nonmagnetic square unit cell, the BZ also has the square shape.

Besides, a dc magnetic field can change the size and even the shape of the BZ. But in our case of
the uniform dc magnetic field, the unit cell, and, consequently, the BZ are not changed because the
translational symmetry of the crystal is unchanged after being biased by such a dc magnetic field.
Thus, in spite of different magnetic symmetries, the BZ of the photonic crystal with and without
magnetization is exactly the same. Therefore, for the symmetry Cy, (Cy), we shall investigate the
square BZ which is identical to the BZ of the nonmagnetic lattice.

In band calculations, we can usually restrict ourselves to a single basic domain of the BZ. This
allows one to reduce the burden of numerical calculations. The basic domain for nonmagnetic crys-
tals is defined by the smallest part of the BZ from which the whole BZ can be obtained by applying
all the operators of the point group [21]. The basic domain for the nonmagnetic square lattice is the
triangle M X shown in Figure 3.5 It is one-eighth of the area of the whole BZ. It is not difficult to
show that the basic domain for the group Ca, (C4) coincides with that for the group Cy, + TCy,.

3.6.2 Group of Symmetry of the Wave Vector

Now, let us apply to the symmetry of the wave vector k. In the theory of electronic waves in crystals,
the symmetry group of k is called the little group. In the theory of magnetic crystals, it is called the
magnetic little group. We shall denote the magnetic little group for a given k as M*.

There is a general symmetry property of the wave vector k in crystals. The groups of the wave
vector k for different points and lines of symmetry of a given crystal are subgroups of the symmetry
group of the crystal as a whole. In order to clarify this property, let us denote a magnetic group of
symmetry of a crystal as G; (H, ). At any symmetric point or line of the BZ with a lower symmetry, the
group of the vector k denoted as G, (H,) will be a subgroup of G,(H; ). Moreover, the group H; is a
subgroup of H;. These subgroup relations are shown pictorially in Table 3.2 for the groups Cy,, + T Cy,
and C4V (C4 ) .
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FIGURE 3.5 Reduced BZ for the 2D square lattice of circular cross-section ferrite rods. (From Dmitriev, V.A., Eur.
J. App. Phys., 159, 2005. With permission.)

TABLE 3.2  Subgroup Relations for the Group Cy, + TCy,
and Its Subgroup Csy (Cs)

Nonunitary Group Unitary Subgroup
Cyy + TCyy — Cyy

| |
Cu(Cy) — Cy

In order to define the group M for electromagnetic waves in magnetic photonic crystals, one
should consider all the constituents of the physical problem from the point of view of magnetic sym-
metry. The wave vector k in free space is a polar odd in Time vector with the symmetry Do, (Cooy ).
The group Do, (Cooy ) contains the axis of an infinite order Co, coinciding with k, an infinite number
of planes of symmetry o, passing through this axis, an antiplane Toj, which is perpendicular to the
principal axis, an infinite number of the twofold antiaxis T'C; lying in the antiplane T'o},, and also
the anticenter T'.

The symmetry of k in free space does not depend on its orientation in Space. In a magnetic lat-
tice, the group of symmetry of k (i.e., the little group M) is defined by the “environment;” i.e., by
the symmetry of the lattice and by the symmetry of the magnetic field Hy. M¥ depends also on the
orientation of the vector k and its size. The point I' (k = 0) of the center of the BZ has the symmetry
of the crystal as a whole.

The Time-reversal operator T as an element of the group of symmetry of a nonmagnetic crystal
sends k into -k, i.e.,

Tk = -k. (3.16)

In the cases of magnetic crystals, the Time reversal T does not exist in “pure” form, but it can enter
in the group in the combined operations (a geometrical operation + Time reversal). Let us denote
any operator of geometrical symmetry as R; and an operator of combined symmetry as TR,. The
magnetic little group MX consists of those geometrical operators R, which transform the wave vector
k into itself or into k + G; [21]:

le =k or le =k+ G], (317)
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TABLE 3.3  Little Groups and Their Elements for Points and Lines of Symmetry
for Square Nonmagnetic Lattice

Representative Little Order of Elements of
Symmetry Symbol Wave Vector k Group  the Group the Group
T, M n/d(0,0), n/d(1,1)  Cay 8 e, Csy C'5 Gy,

Ox> Oy> O(a—a)> O(b-b)

X n/d(1,0) Cay 4 e, Cz, Ok, 0y
VA n/d(1,B) Cs 2 e, o,

5 n/d(a,a) Cs 2 €, O(a-a)

A n/d(a,0) C; 2 e, Oy

A n/d(a, B) C 1 e

and also of the combined operators TR, with R, which transform k into —k or into -k + G;:
Rzk =-k or Rzk =-k+ G2 (318)

where G; and G; are primitive translations of the reciprocal lattice.

We shall denote a general point A of the BZ by /d(a, B) which means thatk = /d(ae, + Pe,),
where e, and e, are the unit vectors in the x and y directions, respectively.

Nonmagnetic crystal. In Table 3.3, we give a description of the little groups for the nonmagnetic
crystal described by the group Cy,. This table can serve as a reference for the magnetic symmetry
discussed below.

The points I and M of the BZ (Figure 3.5) have the symmetry C4,. When we depart from the
point I in the direction of M, we are on the line denoted X with the coordinates of the wave vector
(a, a), 0 < a < \/21/d. The group of symmetry of the wave vector on the line ¥ is C, which is a
subgroup of Cy,. The group C; contains the elements e and 6(,_,). Analogous examination can be
made for other points and lines of the BZ.

Magnetic crystal. Now we apply to the magnetic crystal. The magnetization Hy | z reduces the
symmetry of the crystal from Cy, + T'Cyy to Cy, (Cy). For the points T and M of the BZ (Figure 3.5),
the wave vectors have the symmetry Cy,(C4) (Table 3.4). The symmetry of the point X is Cy, (C,).
The symmetry of the vectors Z, X, and A is C,(C;). The wave vector A in a general point of the BZ
has no symmetry.

One important consequence of the crystal symmetry is as follows. The dispersion characteristics
w, (k) of the magnetic crystal have the full symmetry of the point magnetic group of the crystal.
Thus, we can use the irreducible representations (IRREPs, Appendix A) of the magnetic little groups
to classify the eigenmodes. In fact, in most cases for the correct classification of the eigenmodes,
it is sufficient to use only the unitary subgroups of the corresponding magnetic little groups. The
peculiarities of the IRREPs of the point magnetic groups are discussed in [21].

3.6.3 Lifting of Degeneracy by dc Magnetic Field

The points I and M of the BZ (Figure 3.5) in nonmagnetic state have doubly degenerate representa-
tions i.e., these representations are two-dimensional. With dc magnetic field applied to the crystal, we

TABLE 3.4  Little Groups and Their Elements for Points and Lines of Symmetry for
Square Magnetic Lattice with dc Magnetic Field Hy | z, the Crystal Group Is C4y (C4)

Representative Little Order of Elements of
Symmetry Symbol Wave Vector k Group the Group the Group
M n/d(0,0),n/d(1,1)  Cy(Cs) 8 e, Cy, C;', Cy,

Tox, Toy, To(a—a)> TO(s-p)

X n/d(1,0) Cy(C2) 4 e, Cy, Toy, To,
VA n/d(1, ) Ci(Cy) 2 e, To,

z n/d(a, a) C(Cr1) 2 e, TO(a—a)

A n/d(a,0) C:(C1) 2 e, Toy

A n/d(a,B) Cy 1 e

Source: Dmitriev, V.A., Eur. J. App. Phys., 159, 2005. With permission.
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can expect the corresponding eigenwaves with symmetry-induced degeneracies to be split by sym-

metry reduction into two different nondegenerate eigenwaves. This splitting can be predicted without
numerical calculations by inspection of the irreducible representation Tables.

3.7 Conclusions

In this chapter, we have used symmetry principles and group theory as basic tools for the investigation
of complex media. Advantages of the group-theoretical methods are their universality, independence
of the results on frequency and on details of the structure, and simplicity of calculations. The higher
the symmetry the more the information one can obtain from the theory. However, the frameworks of
these methods which are purely geometrical ones are restricted and naturally, they cannot substitute
the electrodynamic methods. One should consider group theory as an auxiliary analytical tool which
can be used before the electrodynamic calculations.
The group-theoretical methods allow one:

1. To calculate the structure of material tensors. The calculated tensors can be used, in par-
ticular, to predict physical effects which can exist in a given medium and, according to
Neumanns principle, those effects which are forbidden in the medium completely.

2. To calculate the structure of a matrix (impedance, scattering) in the circuit theory
of artificial particles.

3. To resolve the problem of reciprocity and bidirectionality of a medium.
4. To define

a. Degeneracy of eigenmodes in a given medium

b. Lifting of degeneracy of eigenmodes in a medium by an external perturbation
c. The structure of Green’s tensors in a given medium [19]

d. Electromagnetic modes of artificial particles

e. Magneto-optical response of a symmetrical metamaterial [3]

Some other examples of application of group theory to electromagnetics can be found in [22,23].

Appendix A: Elements of Group Theory and Theory
of Representations

In the modern literature, there are many publications devoted to the group theory (see, e.g., books
[11,16-18,21] and their lists of references). We present here only a minimum relevant information
from the group theory and the theory of representations which is used in this chapter.

Group. A group G is a set of distinct elements u; € G for which a combining operation called the
product is defined. By definition, the set of elements constituting a group:

1. Satisfies the following condition: if u; and u; are elements of G, their product u;u; is also
an element of the same group

2. Possesses an associative law of combination, i.e., u; (ujuy) = (u;u;)u
3. Contains a unit element e such that eu; = uje = u;
4. For every u; contains an inverse element u;" such that u;'u; = u;u;' = e

The number of elements of a group is its order M. The order of the group may be finite or infinite.
If it is possible for an infinitesimal change in a group element to come to another element, the group
is called continuous. Using a small number of elements called generators one can get all the other
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elements of the group, i.e., every element of a group can be written as a product of generators and
their inverses.

In general, any element of a group commutes only with the unit element and with the inverse one.
If all the elements of a group commute, the group is called Abelian.

Subgroup. Any subset H of G which by itself forms a group is called a subgroup. All the four above
properties are inherent in a subgroup H as well. A subgroup H of a finite group G has an index.
The index which is always an integer is defined by the quotient of the orders of the group and the
subgroup.

Point groups. The groups of our interest are those whose elements describe geometrical or physical
transformations. The geometrical transformations are Space rotations and reflections. All the sym-
metry operations of an object form a point group. All the axes and planes of a point group have at
least one common point of intersection.

Representations. The theory of representations deals with mapping of groups on groups of linear
operators (for example, matrices, see Appendix D). If a set of N x N square matrices R, has, with
respect to ordinary matrix multiplication, the properties (Equations 3.2 through 3.4) of a group G
written above, then this set forms a representation of G. Hence, the matrices R, satisfy the equation

BM{’BUJ' :Bu,uj) (3A1)

where u; and u; are any two elements of the group G. The square matrices R, are unitary and non-
singular and their order of them N is called the dimension of the representation. The matrices R,
form a group of linear transformations.

Matrix representations of a group G can be brought into a block-diagonal form by a similarity
transformation. The blocks of the transformed representations in the simplest forms which cannot
be reduced further are called irreducible representations of the Group G.

Appendix B: Notations of Elements of Symmetry, Symmetry
Operations, and Point Groups

Different systems of group notations are used in practice [21]. The most popular systems are the
International (devised by Hermann and Mauguin), the Schoenflies and the Shubnikov ones.

Below, we shall describe briefly the Schoenflies system which is used in this chapter. Notice that
the notations of group elements, of symmetry operations, and the notations of the groups themselves
may coincide. For example, the symbol C, denotes the operation of rotation about an axis by n, and
also it may denote the group C, consisting of the two elements: the identity e and the rotation Cs.

Notations of group elements. The n-fold proper rotations are considered as elementary operators.
In order to obtain the remaining operators, one can form products of the rotations with the space
inversion, or alternatively with the reflection in a plane perpendicular to the n-fold axis. We shall
consider first the notations of the symmetry elements.

A proper rotation through 2n/n (where 7 is an integer) about a certain axis is denoted by the
symbol C,, (where C means Cyklus). The symbol ¢ (and also C,) defines reflection in a plane. The
reflection in a plane perpendicular to the principal axis is denoted by oy, (the subscript h for hori-
zontal), while o, (the subscript v for vertical) is used for reflection in a plane passing through the
axis, and o4 (d for diagonal) designates a mirror plane containing the axis but diagonal to an already
existing plane o,. A combined operation C, and oy, is denoted by S, (where S means Spiegelaxe)
which is improper rotation. Therefore, the inversion i which presents a rotation C, (rotation by m)
followed by the reflection o}, may also be denoted as S,.

Group notations. Let us apply now to the group notations in the Schoenflies system. The groups
with one axis of symmetry are denoted by C,. Joining o to C, gives the groups C,,. The groups
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having an n-fold axis and a system of twofold axes at right angles to it are denoted by D,, (dihedral
groups). D4 and D, contain in addition the planes 64 and oy, respectively. The higher groups T and
O contain only pure rotations, but T4 also has planes of symmetry, and Tj, and Oy, contain the center
of symmetry. The Schoenflies system is particularly suitable for notation of the magnetic groups of
the third category. In this case, the notation shows explicitly the structure of the group, i.e., the unitary
subgroup and the antiunitary elements.

Continuous group notations. In the continuous point groups, the index n which defines the order
of the axis is replaced by the symbol co for the axes of an infinite order. Thus, the axis of an infinite
order is denoted by Co,. With n — oo, the group D,, is transformed in the group D, the group C,,,
in Cooy, and so on. Two highest point groups describing spherical symmetry have special notations,
namely, the groups consisting of an infinite number of axes of an infinite order are denoted by K.
Adding an infinite number of planes of symmetry to the group K, one obtains the group Kj,.

Appendix C: Brief Description of Magnetic Groups

Time-reversal operator. For magnetic structures, it is necessary to include into consideration the Time
reversal T as an element of magnetic groups and combinations of space symmetry operations with
T. T changes the sign of time, i.e., () - —(¢). The Time reversal T commutes with all the space
elements. It has the property TT = T2 = e (e is the unit element). Thus the elements T and e form a
group. The Time-reversal operator T corresponding to the group element T belongs to the so-called
antiunitary operators [21]. This operator has no unitary matrix representation.

When we deal with electromagnetic processes in the frequency domain, the usual description of
electromagnetic quantities is in terms of complex functions. The effect of the operator T on time-
harmonic quantities is expressed as follows. First of all, the operator reverses the velocities and
changes the current directions, the signs of electron spins, magnetic fluxes, magnetic fields and
Poynting’s vector. All these quantities are odd in Time. Secondly, it complex conjugates all the elec-
tromagnetic quantities. This property is verified easily by considering Fourier transformation of the
Time-reversed quantities [5].

Strictly speaking, there exists no Time-reversal symmetry in physical processes. The main reason
of this is causality, i.e., initial conditions impose asymmetry with respect to the past and the future.
In the presence of losses in a medium, the physical processes are not the same in a given and in the
Time-reversed medium. For example, the operator T converts a damping electromagnetic wave into
a growing one and vice versa because the dissipative processes are not Time reversible.

It was suggested in [5] to use along with T another operator which was called the restricted Time-
reversal operator. This operator T fulfills the same functions as T with one exception: it is not applied
to the imaginary dissipative terms of the electromagnetic quantities. This preserves the damping or
growing character of the wave under the Time reversal.

Categories of magnetic groups. There exist three categories of discrete and continuous point mag-
netic groups. The group of the first category G consists of a unitary subgroup H (in our case, it
contains the usual rotation-reflection elements) and products of T with all the elements of H. The
full group is then H + TH including T = Te, i.e., the group of the first category G is a direct product
of the group H and the group formed by T and e.

In the case of magnetic groups of the second category G, there are no Space elements combined
with the Time reversal T, and T itself is not an element of the groups. The nomenclature and the
notations of the groups of the first (nonmagnetic) category and that of the second (magnetic) category
coincide. In order to distinguish them, we use bold-face type for the groups of the second category.

The magnetic groups of the third category G(H) contain, in addition to the rotation-reflection
elements of the unitary subgroup H, an equal number of antiunitary elements which are the pro-
duct of T and the usual geometrical symmetry elements. These combined elements we call antiaxes,
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TABLE 3.C.1 Content of Magnetic Groups of Symmetry
First Category Second Category Third Category
G = H + TH including T G without T G(H)=H+TH', H #H

T only in combination with
rotation-reflections

antiplanes, and anticenter of symmetry. The full group is H + TH'. Notice that the elements of H' are
distinguished from those of H.

The unitary elements of a magnetic group of the third category form a unitary subgroup of index 2.
It means that in every group of the third category there are equal number of elements with and with-
out T. In contrast to the groups of the first category, the operator T itself is not an element of the
magnetic groups of the third category. The content of the three categories of magnetic groups is
presented in Table 3.C.1.

Appendix D: Matrix Representations of 3D Point Symmetry
Operators

In order to describe symmetry operations in 3D space, such as rotations and reflections, we use 3D
matrix representations of the point groups. Each element of a group corresponding to a point sym-
metry can be presented by a 3 x 3 square orthonormal real matrix R, i.e, R™" = R’, detR = +1; the
superscript t means matrix transposition, the superscript —1 denotes the inverse matrix. Thus, these
representations are unitary. The unit element of the group has the unit 3x3 matrix as a representation.
The matrices R fulfilling rotations through an angle a about the axes x, y, and z are

1 0 0 cosa 0 sina cosa —sina 0
BCX = 0 cosa —sina |, ch = 0 1 0 R BCZ =| sina cosa O |,
0 sina cosa —-sina 0 cosa 0 0 1
(3.D.1)

respectively.
The 3D matrix representations for reflections in the planes x = 0, y = 0, and z = 0 are written
respectively as

-1 0 0 1 00 1 00
ch = 0 1 0, ch ={0-1 0}, BUZ =10 1 0], (3.D.2)
0 0 1 0 0 1 0 0-1
and the matrix representing inversion i (the center of symmetry) is
-1 0 0
R,=| 0-1 o] (3.D.3)
0 0-1

The determinant of R for rotations (3.D.1) is +1 but it is equal to —1 for reflections (3.D.2) and
inversion (3.D.3).
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4.1 Introduction

Differential-form calculus is a branch of mathematics based on the algebra of multivectors (ele-
ments of spaces E,,...,E,) and multiforms (dual multivectors, elements of spaces Fy,...,[F,)
[1]. The notation applied here follows closely that of Ref. [2] and a short summary is given in
the Appendix. Corresponding representation using tensors instead of dyadics can be found, e.g.,
in Ref. [3]. Application of differential forms to electromagnetic theory instead of the classical
Gibbsian vector formalism [4,5] is suggested by the simplicity and elegance obtained in writing the
basic Maxwell equations as [2]

dand=vy,, dAr¥=y,. (4.1)
Here
4
d= Z €;0y, =d; +e40y, (4.2)
i=1
is the four-dimensional (4D) differential operator and A the exterior product, while
O®=B+EArg, ¥Y=D-HAhg, (4.3)

represent the 4D electromagnetic two-forms (fields depending on the spatial coordinates x;, x5, x3
and the temporal coordinate x4 = T = ct) in terms of spatial (3D) two-forms B, D and one-forms E,
H. The electric and magnetic source three-forms y., y,, can be expressed as

Ye=p,~JeN€s ¥, =P, TmAes (4.4)
in terms of combinations of spatial (3D) charge three-forms p,, p,, and current two-forms J, J .

4-1
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4-2 Theory and Phenomena of Metamaterials

Inserting the 3D expansions (Equations 4.3 and 4.4), the 4D Maxwell equations (Equation 4.1) can
be split in more familiar-looking 3D equations as

ds/\E+aTB:_Im) ds/\B:pm) (45)

d,AH-0.D=J,, d,AD=p,. (4.6)

Here d denotes the spatial part of the differential operator d and 0, = 9, = 9/0T.
Linear medium relations between the field two-forms @ € F, and ¥ € [F, can be compactly
handled in terms of the medium dyadic M € F,E; as

¥ = M|®. (4.7)

Another, equivalent, way to represent the medium relation is by mapping the one-form ¥ with the
quadrivector ey = €j234 to the bivector ex| ¥ € E,, in which case the medium relation is represented as

eN[‘I’ = Mg‘q), (48)
through the modified medium dyadic
Mg = en|M € EyE,. (4.9)

Both M and M, possess 6 x 6 matrix components when expanded in certain bases, which means that
they correspond to 36 parameters in the general case. In this presentation we consider some obvious
ways to define classes of media by reducing the generality of the medium dyadic M or M.

4.2 Field and Medium Equations

For simplicity, let us assume that there exist no magnetic sources y,, = 0. Because of d A ® = 0, the
field two-form can be expressed in terms of an electric potential one-form a, € [F; in the form [2]

®=dAra, (4.10)

whence inserting the medium Equation 4.7 in Equation 4.1 the following second-order equation can
be formed for the potential:

dr¥Y=daM|(dra,)=Y,. (4.11)

The differential operator in Equation 4.11 can be made more compact by transforming the equation
by ey| to the form

(M,[|dd)]a. = g, (4.12)

where g, = ex|y, € [ is the vector counterpart of the electric source three-form y,. Equation 4.12
represents the potential equation in terms of the dyadic operator Mg[[dd e [E,E,;. Solving Equa-
tion 4.12 analytically for a bianisotropic medium with the general dyadic M, appears to be out of
reach, but solutions can be found in some special classes of media. Also, it is of interest to find possible
plane-wave solutions of the form

a.(x) = a, exp(v|x), (4.13)

where v € [F; is the 4D wave one-form corresponding to the Gibbsian 3D wave vector k. a, is the
potential amplitude one-form. Because the plane wave does not have sources in the finite region,
Equation 4.12 reduces to the algebraic equation

(M,[[v¥)la, = 0. (4.14)
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It is of interest to compare 4D formulation of media with the classical 3D formulation using Gibb-
sian medium dyadics € o §g, gg, and Eg € [, E,. Medium relations (Equations 4.7 and 4.8) correspond

D) (eg & ) ( E )

= : , (4.15)
(5)-(ce) G

where the fields are understood as Gibbsian vectors and “.” is the Gibbsian dot product. A direct

relation between the modified medium dyadic M, and the 3D Gibbsian medium dyadics can be
expressed as [2]

to the conditions

Mg = Egﬁe4e4 - (e123UT + €4 A §g)|E;|(U6123 —Qg Aey), (4.16)

which allows one to interpret results in terms of the Gibbsian medium dyadics.

4.3 Classes of Electromagnetic Media

Let us now consider some classes of media defined in terms of the medium dyadic M or the corres-
ponding modified medium dyadic M, taking a simple analytic appearance or satisfying some basic
condition.

4.3.1 Perfect Electromagnetic Conductor

In Gibbsian formalism the simplest electromagnetic medium is the isotropic medium represented by
two scalars € and p. Such a medium is not isotropic in the sense of differential forms. For example, in
the 3D relation D = €E the permittivity € cannot be a scalar but, rather, a dyadic € € F,[E; mapping
one-forms to two-forms. Moreover, a Gibbsian unit dyadic " e;e; depends on the choice of the vector
basis {e;} while the unit dyadic | = 3 e;g;, where {g;} is the reciprocal basis, is independent of
that choice.

The only truly isotropic medium satisfies the condition

¥ = MO, (4.17)

for some scalar M (physicists call this pseudoscalar). The medium dyadic for such a medium is, thus,
of the form

1
M=MIAT = MEEQE =M ejjeij. (4.18)

i<j

Equation 4.17 describes a medium which turns out to be invariant in all affine transformations,
including motion of the observer with constant velocity [4]. Inserting Equation 4.3 in Equation 4.17
yields the 3D conditions

D=MB, H-=-ME. (4.19)

It does not appear easy to express these in terms of Gibbsian medium parameters. However, a possible
representation as a bi-isotropic medium with four scalar parameters is defined through the limit [6]

M
(i) -o(¥ope)e oo =
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4-4 Theory and Phenomena of Metamaterials

Although the four Gibbsian parameters have infinite values, the following combinations remain
finite:

ol —Eelg =0, €g/ug = M. (4.21)

This is an example of a medium which is quite simple to describe in terms of differential forms
while the classical Gibbsian representation appears somewhat artificial. Anyway, Equation 4.17 is of
great interest since it defines the simplest medium condition between the field two-forms.

One can show that in a medium defined by Equation 4.17 the Maxwell stress dyadic vanishes which
means vanishing Poynting vector and energy density, for example, in Ref. [2]. Thus, electromagnetic
fields cannot propagate in such a medium. Because the PMC and PEC media can be conceived as
special cases of the present medium,

M=0=H=0, D=0, (PMC), (4.22)

1/M=0=E=0, B=0, (PEC). (4.23)

The medium defined by Equation 4.17 has been coined the perfect electromagnetic conductor
(PEMC) and M is the PEMC admittance parameter [6,7]. In physics, the parameter M is known
as the axion [3]. One can show that PEMC makes a boundary with nonreciprocal properties if the
parameter satisfies 0 < |M| < co. For example, a plane wave reflecting from a PEMC plane experi-
ences rotation of polarization [6]. Besides representing a boundary, the PEMC concept is also useful
as an effective medium for fields restricted by some conditions.

4.3.2 Q-Media
The general modified medium dyadic Mg € E,E, is characterized by 36 parameters. The number of

parameters is reduced to 16 if it is represented in terms of a dyadic Q € [E,E; in the form

M, =Q® = %gﬁg. (4.24)

One can show that in the 3D space a dyadic mapping two-forms to bivectors can always be expressed
in this form in terms of some dyadic Q. The reason is, of course, that the dyadic spaces E,[E, and
E,E; have the same dimension 9. This is not so in 4D, where Equation 4.24 defines a class of media
labeled as that of Q-media in Refs. [2,8].

The wave equation (Equation 4.12) is radically simplified for a Q-medium. Applying the dyadic
identity (Equation 4.A.25) in the form

Q[|dd = (Qlldd)Q - (Qld)(dQ), (4.25)
Equation 4.12 becomes
(Qlldd)Qla. - (Qld)(d|Q|a.) = g.. (4.26)

Because the potential is not unique, one can assume an additional scalar condition (gauge condition)
for the four-potential a,. Assuming the condition

dQla, =0, (4.27)

which can be regarded as the generalized Lorenz condition, the wave equation (Equation 4.26) is
simplified to

(Qlldd)a, = Q7'|g.. (4.28)
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Equation 4.28 is essentially simpler than Equation 4.12, because the dyadic operator Mg[[dd is
replaced by a scalar operator of the second order, d|Q|d. Depending on the nature of the dyadic
Q, Equation 4.28 represents a wave equation (hyperbolic) or 4D Laplace equation (elliptic) for which
standard solution processes can be applied.

Conditions for the Gibbsian medium dyadics e, §g, (g, H corresponding to the Q-medium can

be found after some algebraic steps in the form [2,9]
T _ T _ T _
aeg + by, =0, §g+§g =0, ¢ +§g =0, (4.29)

where the scalar coefficients a, b may have any values. These conditions define a medium studied
previously in Refs. [10,11]. A plane wave in such a medium is characterized by a single wave-vector
surface of the second order. This means that a plane wave in a Q-medium has no birefringence. One
can show that the class of Q-media can be defined by the 4D condition [2]

aM, + bM.'" | Jeyey =0, (4.30)

which is a compact representation of the three conditions (Equation 4.29).

4.3.3 Generalized Q-Media

An obvious generalization to Equation 4.24 is the definition
M, =Q® + AB, (4.31)

where A, B € [E, are two bivectors. In this case we can apply the same gauge condition (Equation 4.27)
for the potential a,, whence the potential equation (Equation 4.12) becomes

[<Q|dd)Q R (Ald)(BLd)]lae . (43)

This equation still involves a dyadic operator. The corresponding inverse dyadic operator can be
expressed as

-1
1
Qe aloela] - pet - Loealslo? e
where the two scalar operators are defined by
Li(d) =Qlldd, L,(d)=(Q||[dd)(Q+BA|[[Q7")|/dd. (4.34)

Thus, the solution of Equation 4.32 can be written in two parts: a, = a,; + a,; as

Qep = 1|ge> Aep = 1|(Ald)(Bld)‘Q 1|ge (4.35)

L (d) L (d)
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4-6 Theory and Phenomena of Metamaterials

The potential can now be found by solving two equations involving the scalar operators
Li(d)an = Qg (4.36)

Ly(d)a.; = -Q7'(A|d)(B|d)|Q"'[g.. (4.37)

L,(d) is of a factorized fourth-order form. The class of media defined by the condition (Equation 4.31)
has been called that of generalized Q-media [2,12]. Because of the factorized operator, the plane wave
is characterized by a k-vector surface which does not consist of a single quartic (fourth-order surface)
but of two quadrics (second-order surfaces).

Conditions for the Gibbsian medium dyadics corresponding to a generalized Q-medium were
derived in Ref. [12] after considerable algebraic work. They can be expressed in the form

ag, + bﬂg =Pp1q2 + QiP2» (4.38)

1 1
E 8= ~(p2@2 + @p) ¢ + g = 5 (P1a - qp), (4.39)

g

for some scalars a, b and vectors py, p2, qi, q2- These conditions turn out to correspond to those of
the “decomposable medium” defined previously in Refs. [13,14]. It is most obvious that the definition
(Equation 4.31) in terms of differential forms appears much simpler than that using Gibbsian dyadics
satisfying the conditions (Equations 4.38 and 4.39). Another form for the condition for M, defining
a generalized Q-medium is obtained from Equation 4.30 as

a(M, - AB) +b(M, - AB)_"" | Jeey = 0, (4.40)

which should be valid for some bivectors A, B and scalars g, b.

4.3.4 IB-Media
A class of media with medium dyadics M € F,E, defined in terms of a dyadic B € E,F; as
M= (IB)" (4.41)

is labeled as that of IB-media. The number of free parameters is again reduced from 36 to 16. To study
its basic properties, let us first decompose

B
B- %Hg ., B, =0 (4.42)

0

where B is the trace-free part of B. Because of the relation

trM = 1@|(IB)" = (1P [I)[|B" = 3trB, (4.43)
we can expand
M B
M= TR M, = SR (1), (4.44)

where M, is the trace-free part of M. Applying the following special case of the dyadic identity
(Equation 4.A.23):

(IAB)[I" = (trB)1 + 2B, (4.45)
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Equation 4.41 can be inverted as

1 trM
B=-[MT||IT-—=1]|. 4.4
B3 (- ) (4.46)
Introducing the identity [15]
IOT|[C = (O — ([ DA + (447)

valid for any dyadic C € E,F,, and replacing C by M;F with 1(4) = exey inserted, yields
IOT[[MT = exey| M = ex|(en|M,)" = -M,, (1.48)

or
(en|M,)" = —ex[M,. (4.49)

This states that the modified medium dyadic of a trace-free IB-medium is antisymmetric. The class
defined by antisymmetric modified medium dyadics was labeled as that of skewon media by Hehl
and Obukhov [3]. Thus, the IB-medium consists of axion and skewon components corresponding to
1 and 15 medium parameters, respectively. The 15 parameters involve those responsible for the chiral
and Faraday rotation effects of the medium [3].

The condition for a medium dyadic to be of the form as in Equation 4.41 is now obtained from
Equation 4.48 by inserting Equation 4.44 as

|(4)TH(MT _ % |(2)) - M+ % l(Z)T) (4.50)

or

|(4)TH|\/|T — ﬂ [T _
1 M 3 -

M. (4.51)

If this is satisfied by M, the dyadic B can be found from Equation 4.46.
Let us consider plane-wave propagation in an IB-medium. Substituting Equations 4.13 and 4.41
in Equation 4.12 yields

dA (I0B)T](d A a,) exp(v]x) = 0, (4.52)
from which we obtain
vA(RB)T|(vAa,) =vA (BTw) A, =0. (4.53)

This is the sole condition for the one-forms v and a,. Actually, v can be freely chosen. The case
v A (v|B) = 0 ie., v being a left eigen-one-form of the dyadic B is not interesting because it will
eventually lead to vanishing of the field ®, = v A a,. Thus, ¥ must be chosen to satisfy v A (v|B) # 0.

The dependence of the potential amplitude a, on v is now obtained from Equation 4.53 which tells
us that the one-forms a,, v and B'|v = v|B are linearly dependent and one of them can be expressed
in terms of the other two. Thus, the potential amplitude one-form can be written in the form

a, = av + bv|B, (4.54)
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4-8 Theory and Phenomena of Metamaterials

where a, b are two arbitrary coeflicients. Actually, the coefficient a can be ignored since it does not
affect the field two-form

®,=vAra,=bva(vB). (4.55)

Example

As a concrete example of an IB-medium let us consider the simplest generalization of the PEMC
(axion) medium as defined by two scalar parameters M and N in the form

M N
B = 71 + 5 (ls - 38484). (456)

In this case the medium dyadic becomes
M=(1B)" = MIOT + NPT 17 Neqey). (4.57)

Obviously, for N = 0 we have the axion (PEMC) medium while for M = 0 the dyadics B and M
are trace-free and, thus, the medium falls to the class of skewons. This kind of medium was called
spatially isotropic in Ref. [2, pp. 128-129], while the skewon medium with M = 0 was considered in
Ref. [3, pp. 261-262].

The modified medium dyadic corresponding to Equation 4.57 can be expanded as

Mg = (M + N)(e34612 + €y€y3 + 624631) + (M - N)(e23el4 + €31€x4 + 612634). (458)

Obviously, this dyadic is symmetric for N = 0 and antisymmetric for M = 0. The medium conditions
can be represented by

D=(M+N)B, H=(N-M)E, (4.59)

which appear as generalizations of those of the PEMC medium [6].
Actually, we can find a Gibbsian representation similar to that in Equation 4.20 as the limit

) [VM-NT \/iER S 00 (4.60)
1 M-N Ao N2 1 '

M+N

and it obviously reduces to the PEMC representation (Equation 4.20) for N — 0. In the other case
M — 0, we obtain

(22) o) oo o

when absorbing the imaginary unit in the parameter q. Expressing
M =Pcoshy, N =Psinhy, (4.62)

a more compact representation of Equation 4.60 can be obtained,

2 v
(Ejii):q(e“”le/P)’ g oo, (4.63)
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In spite of infinite-valued parameters, they satisfy the finite conditions
€gly — o0 =0, (—:g/pg:P2 =M?*-N? (4.64)

for g — oo.

4.3.5 Self-Dual Media

Since any medium dyadic M corresponds to a 6 x 6 matrix, it always satisfies an algebraic equation
of the sixth order. On the other hand, it is obvious that medium dyadics satisfying a second-order
equation define a certain class of media. The general second-order equation can be written in the form

M? = (M, + MM + M, M_I1®T = (4.65)

for some parameters M., M_. It can be shown that media satisfying Equation 4.65 are invariant
in some duality transformations, which is why such media have been called self-dual in the past
[16]. It is easy to see that if M satisfies Equation 4.65, the dyadic

M’ =DM|D™! (4.66)

also satisfies the same equation for any D € F,E, possessing a finite inverse D™
Expressing Equation 4.65 as

(M= MADT)|(M-M1DTy = (M- M_IDT)|(M - M,1PT) =0, (4.67)
and defining two dyadics

M- M_|T M- M, T
== - P == (4.68)

Pe==w > B -
M, -M_ M_-M,

one can see that M, and M_ represent eigenvalues of the eigenproblem
M@, =M. ®,, P, =P,|D, (4.69)

where @, and ®_ are the corresponding eigenfield two-forms for some two-form ®. This means
that, for a self-dual medium, there exist at most two distinct eigenvalues. Let us assume M, # M_ in
the following.

The dyadics P, € IF,IE, are orthogonal projection operators, because they satisfy

P:=P,, PP =P_|P, =0, (4.70)

+
and
P, +P =1®T M=MP, +MP._. (4.71)

Actually, we can decompose any given two-form @ in its eigenfields as
=P, +P )®0=0, +D_. (4.72)
From Equation 4.65 the inverse of the medium dyadic can be expressed as

1 1 1
M= R (M, + M)IDT-M) = TR TR (4.73)
+4Vi— + -
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As an example, a self-dual medium dyadic is defined by two scalars M, , M_ and the projection
dyadics
P, = epep + £23€53 + €34€34, (4.74)

P_ = g3e13 + g24€24 + €404, (4.75)

in some reciprocal bases e;, €;. The sum of the projection dyadics obviously equals 1T and the
eigenfields @, ®_ are any two-forms in the subspaces spanned by the respective basis two-forms
(€12, €23, €34) and (&3, €24, €14).

After some algebra, one can show that the 3D Gibbsian medium dyadics for the self-dual medium
must be of the form [16]

B=Q e=MMQ (4.76)
M, +M_ M, + M_
gg = 2 Q - I’ Eg = 2 9 + I) (477)

with some dyadics Q, T € E,[E;. The number of free medium parameters can be seen, from Equa-
tion 4.77, to be 20. The class of self-dual media was previously introduced through 3D Gibbsian
analysis in Ref. [17] where it was shown that the 3D Green dyadic can be expressed in analytic form.

4.3.5.1 Almost-Complex Structure

Let us define a dyadic J € F,E, as one satisfying the equation
S =T (4.78)

Because dyadics ] appear to be similar to an imaginary unit, they are said to form an almost-complex
structure in the space of medium dyadics M [6,38]. In fact, expressing Equation 4.65 in the form

(- 2o, wnn@) = Lo aper, (479)
any self-dual medium dyadic can be expressed in the form
M= O+ MOIOT 4 L, - (4.80)
for some dyadic J satisfying Equation 4.78. Another form for the medium dyadic is
M = M, exp(jyJ), (4.81)
with
M, -M_

M, =/ (M2 + M?2)/2, tanh\y:M

—_—. 4.82
YA (4.82)

4.3.5.2 AB Media

As a special case of self-dual media let us consider the class of AB (affine bianisotropic) media, corre-
sponding to the case when the dyadic T in Equation 4.77 is a multiple of the dyadic Q. The medium
dyadic can then be expanded in the form [19]

M= qlﬁz)T +e'Bres+ p_1£4 AB+ Bes A f A ey, (4.83)
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where | = e;£; + e,€; + e;€;5 denotes the spatial unit dyadic and B € F,[E, is a dyadic mapping 3D
one-forms to two-forms. Equation 4.83 satisfies Equation 4.65 as

M? - (a-B)M + (i - aB)I(Z)T =0, (4.84)

which corresponds to the eigenvalues

M, :%(a—ﬁi\/(oﬁ—ﬁ)z—(e’/p)). (4.85)

The AB medium is invariant in all spatial affine transformations. It corresponds to the medium whose
Gibbsian medium dyadics e, Eg, Cg, p are all multiples of the same dyadic G = ejy3|B € E E;.
i

4.3.5.3 Fields

Considering fields from electric and magnetic sources in a self-dual medium, the Maxwell equations
for the eigenfields become uncoupled and have the simple form

drd, =y, (4.86)

dAW, =M. dA®D, =y,,. (4.87)

To avoid contradiction, these must be the same pair of equations and the decomposed sources must
satisfy

Yer = MeYy,- (4.88)

Thus, from
Ye = Yer T Ve (4.89)
Y = Y T Y (4.90)

we obtain the decompositions

= iiye _ M;Ym = Y£
M,-M_. M.
The eigenfields are defined by Equation 4.86 together with polarization restrictions of the form

Yins (4.91)

A:|®, =0, (4.92)
where the bivectors A, are
A;=AP., (4.93)

for an arbitrary bivector A.

Because the eigenfields are linearly related as W, = M, ®_, this can be interpreted so that each of
the eigenfield components sees the medium as an effective PEMC with respective PEMC admittance
M.. Since we know that there is no power propagation in a PEMC medium, the eigenfields cannot
be power orthogonal. On the contrary, power propagation in a self-dual medium comes through an
interaction of the eigenfields. In fact, considering the stress dyadic [2]

T=-(¥rl"Oo-0Al"|P), (4.94)

| =
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after expanding in terms of eigenfields this becomes
T=WM,-M) D, IO -D_Al"|D,), (4.95)

which clearly shows us that the power effects are due to the interaction of @, and ®_.

The significance of the class of self-dual media is in that certain transformations can be made for the
sources and fields without changing the medium. This allows one to find a larger number of solutions
for the field problem in that medium [2]. Further discussion on the properties of the transformation
does not fall in the scope of this chapter.

4.4 Conclusion

In this short overview it was demonstrated that differential-form formalism aided by suitably
extended dyadic algebra can be applied to the analysis of electromagnetic fields in various bi-
anisotropic media. Certain classes of media could be defined in simpler terms when compared to their
definition in classical Gibbsian vector analysis. Main points in the analysis of fields in these media,
treated more extensively in previous articles found in the list of references, were given and their
connection to the corresponding studies using the classical Gibbsian analysis were briefly pointed out.

Appendix: Multivectors, Multiforms, and Dyadics

Application of differential forms in electromagnetic analysis requires some skill in using various iden-
tities in multivector and dyadic algebra. In the literature the notation varies slightly from author to
author. The present notation is based on that in Ref. [2].

4.A.1 Notation

Differential-form formalism is based on two linear spaces: [E; containing vectorsa, b...and F; con-
taining dual vectors a, f, . . .. Fields (functions of space and time) of dual vectors like the electric and
magnetic fields E, H are called one-forms. Using the anticommutative exterior product A other linear
spaces are formed: [E, containing bivectors Xa; Ab; and I, containing dual bivectors Za; A .. More
complicated products like a A b A cand a A A y give rise to multivectors and dual multivectors
(multiforms), respectively. Dyadic algebra introduced by Gibbs as a coordinate-free representation
of linear mappings in the 3D vector space [4,5] can be generalized to the algebra of differential forms,
as was shown in Ref. [2]. Dyadics mapping vectors to vectors form a linear space denoted by E;[F;.
Other spaces are denoted similarly, e.g., those mapping two-forms to two-forms belong to the space
FLE,.

4.A.2 Products

Different products of multivectors and dual multivectors are listed below.

* The exterior product (wedge product) of vectors is associative, (aAb) Ac = an (bAc), and
anticommutative,aAb = —b Aa. For a p-vector a? € [E, and a g-vector b? € E it is either
commutative or anticommutative according to the rule (superscript p in multivectors and
dual multivectors is not a power but shows its grade)

a? Ab? = (-1)PTbT naf €E,.,. (4.A.1)
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p-vectors over an n-dimensional vector space span a linear space whose dimension is
n!/(p!(n - p)!). For example, in 4D vector space, bivectors (p = 2) form a space of six
dimensions and trivectors a space of four dimensions.

¢ The duality product between a vector a and a dual vector a is denoted by aja = ala and
the result is a scalar. For a given basis of vectors {e;} the reciprocal basis of dual vectors
{g;} satisfies the biorthogonality condition

ei|sj = sj\e,- = 51] (4A2)
Expanding a = Za;e;, a = Zaj¢j, the duality product gives
ala = Z a;a;. (4.A.3)

* Basis vectors and dual basis vectors generate the set of basis bivectors and dual bivectors
ase;j = e; Aej, & = & A g; satisfying the orthogonality e;j|ex, = 8,0 ;¢. This can be
continued to p-vectors and dual p-vectors. In the n-dimensional space there is only one
basis n-vector ey = e; A---Ae, and dual n-vector ey = € A+ Ag,. They satisfy ey|ey = 1.

* The incomplete duality product, also known as contraction, between a p-vector af and
a dual g-vector af is written as a”|af for p > q and a” |a? for p < q and the result is a
(p - q)-vector or a dual (q — p)-vector, respectively. For p > q and B’ being a dual
(p - q)-vector, a? A BP71 is a dual p-vector and we define [1], Eqn. (D.5),

(@[a®)[B" 7 = a?|(at A BF), BFU(a’fa?) = (BT AGD’.  (4.A4)

Because of the property (Equation 4.A.1), the incomplete duality product of a p-vector a?
and a dual g-vector a? obeys the rule

af|a? = (-1)1PDal]a?, p>gq. (4.A.5)

4.A.3 Dyadics

* The dyadic product of a vector a € [E; and a dual vector a € [ is presented by the classical
Gibbsian “no sign” notation as aa and the result is in the space of dyadics denoted by
E,F,. It defines a mapping of a vector b to a multiple of a as

(aa)|b = a(alb), (4.A.6)

as a simple associative rule. More generally, any linear mapping from vector to another
vector can be expressed as a dyadic A € E,F;:

A= Z a;qa;. (4.A.7)
Correspondingly, A", the transpose of A is in the space F,E},
AT = Z a;a;, (4.A.8)

and it maps dual vectors to dual vectors. In the same way we can define dyadic spaces
E,E,, F,F, and, more generally, spaces like E s By, By, p, which define mappings
between multivectors and/or dual multivectors of the same dimension.

* The duality product A, |A, between two dyadics A}, A, € E,F, or € IF, |E, gives a dyadic in
the same space. In analogy to Gibbsian double-dot product [4,5], double-duality product
can be defined as (aa)||(fb) = (a|p)(alb) and, more generally, for dyadics A; € E,;F,
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as A||AJ. The result is a scalar. The double-duality product A||B can also be defined for
dyadics A € E,E,, B € F,F,. Similarly, the incomplete double-duality products A||B
and B|]A can be defined between dyadics in certain spaces. For example, for A € E,E,
and B € F,F, with p > g, the resulting dyadic lies in the space E,_;IE,_,.

The unit dyadic | maps a vector to itself, l|a = a, and its transpose a dual vector to itself,
1" = a. Its expansion

I=> eg; (4.A.9)

isindependent of the chosen vector and reciprocal dual vector bases. In contrast, Gibbsian
definition Xe;e; depends on the chosen basis.

Because spaces IF, and F,_, have the same dimension, dyadics F,E,_, and F,_,E,
mapping between these two spaces have special importance and they are called Hodge
dyadics. Also, dyadics mapping p-vectors to dual p-vectors and conversely are important
and they are called (generalized) metric dyadics. A symmetric metric dyadic G € EE,;
defines a dot product between dual vectors: a- = p - a = a|G|p.

In spaces E,E, and IF,F,, transpose of a dyadic is in the same space. In these cases sym-
metric dyadics can be defined to satisfy, AT = A, and antisymmetric dyadics, A” = -A.
The most general antisymmetric dyadic A € [E,E; can be expressed in terms of a b1vector
Aas

A=1]A, (4.A.10)

because, from the bac-cab rule (Equation 4.A.21) below, for each term in A = Xa; Ab; we
can write the antisymmetric expression

1](aj Ab;) = > ejgi](aj Ab;) = > ejei(bjaj—a;b;) =bja; —ajb;. (4.A11)

4.A.4 Products of Dyadics

Denoting the 3D (Euclidean) spatial basis vectors by e;, e, e; and by e, = e, the temporal
basis vector with regards to some observer, the reciprocal dual basis vectors €, €, €3, €4 =
dr satisfy e;|e; = §;;.

The sign | denotes the scalar product between a p-vector and a dual p-vector while | or
| denotes the contraction (incomplete duality product) between a p-vector and a dual
g-vector [1]. Double products 4,], ]]|,|| follow laws similar to those defined in the
Gibbsian dyadic algebra.

The double-wedge product of two dyadics A, B € E,IF; is the counterpart of the double-
cross product between two Gibbsian dyadics [4,5] and it is defined as

(aa)r(bB) = (aAb)(anp), (4.A.12)
and similarly for sums of such products:
AQEZ Zaiaiﬁijﬁj:Z(ai/\bj)(aiA[Sj). (4A13)

The result is in the dyadic space ,F,. Similarly we can define products AABAC, etc.

* The double-wedge square of a dyadic A € [E;IF is

A(z) = %AQA = % Z Z(a,‘ A aj)(a,- A (lj) = Z(a,‘ A aj)(a,- A (lj). (4A14)
ij

i<j
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Similarly we can define A® and AM as special cases of the pth double-wedge power:

1 1
AP = EAQAQ.--QA o > (@i rap Acenag) (@ Aa A aag). (4A15)
. iy

For p > n dimension of space, we have A = 0.
* The unit dyadic mapping any bivector to itself is

1 1
1@ = 211 = 5Z(ei/\ej)(si/\sj). (4.A.16)
i,j

N |

More generally, the unit dyadic for p-vectors is 1" The unit dyadic mapping a p-form
to itself is the transpose j(p)T. For p = n we have 1(") = eyéey. For any A € E;F; we can
write A(") =detA 1(") where the scalar det A is called the determinant of A. It satisfies

detA = AT = g |AM ey (4.A.17)
* If vectors are mapped through the dyadic A, bivectors are mapped through A®,
(Alar) A (Alay) = A(z)‘(al Aay), (4.A.18)
and p-vectors as
(Ala) A (Ala) A A (Alay) = AP |(a; Aay A Aay). (4.A.19)

* The inverse of a dyadic can be formed much in the same manner as in the Gibbsian 3D
case [4,5]. For example, the inverse of a dyadic A € E;F; has the form [2]

o 1(71) HA(n—l)T

E;[F;. 4.A.20
A detA € Iyl ( )

4.A.5 Identities

An identity is an equation which is valid for any values of its arguments. Certain number of identities
is essential in any analysis using differential forms because they reduce the need to expand expressions
in terms of basis vectors and their basic relations. Identities can be derived by expanding multivectors,
dual multivectors, and dyadics in terms of basis vectors and dual basis vectors. Here we just give some
examples taken from Ref. [2].

The counterpart of the Gibbsian bac-cab rule a x (b x ¢) =b(a-¢) — c(a-b) can be expressed for
any vector a and two dual vectors f, y as

al(BAy) = B(aly) - y(alp)- (4.A.21)
This can be generalized in many ways, for example, replacing the dual vector y by the dual p-vector y*:
al(BAy") = BA(aly?) + (=1)"y*(alp). (4.A.22)

As an example of an identity involving dyadics let us take the following one,

(ANB)[ICT = (AICT)B + (BJICT)A - AIC|B - B|CIA, (4.A.23)
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valid for three dyadics A, B, C € F,E,. The result is another dyadic in the same space F,E,. This
identity is the counterpart of the one for Gibbsian dyadics [10]

(AXB)iC=(A:C)B+(B:C)A-A-C"-B-B-C"-A. (4.A.24)

A useful special case of Equation 4.A.23 is obtained as the special case B = A:
AP[|C" = (A: OA-ACIA. (4.A4.25)
The same identity is also valid for dyadics in the metric spaces A € E,E; and C € F,F; or A € ||

and Q € El]El.
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5.1 Introduction

In this chapter, the method of moments (MoM) adapted to the simulation of fields in periodic and
nonperiodic structures is briefly reviewed. The integral equation (IE) techniques are known for pro-
viding accurate results when modeling conducting and dielectric structures. A drawback of the MoM
is that the matrices associated to the resulting linear systems of equations (we assume here linear
media) are dense, and their inversion may require significant computational resources for complex
structures, or for large structures as compared to the wavelength. However, it is important to note
that when the analyzed structures are composed of piecewise homogeneous media, the respective IE
can be simplified by expressing the unknown fields in terms of the tangential components of electric
and magnetic fields at the media interfaces only. In the following, the structures considered will be
assumed piecewise homogeneous initially, and will be supposed periodic next. Hence, the surface IE
for the tangential electric and magnetic fields will be primarily discussed, whereas a few references
will be provided to the volumetric approaches, which enable the analysis of inhomogeneous media.
Fast solutions can be obtained by either considering unit-cell approaches (i.e., assuming infinite peri-
odic structures with periodic excitation) or specialized methods enabling efficient simulation of large
finite structures, like the fast multipoles methods (FMM:s) and the Green’s function interpolation
and fast Fourier transform (GIFFT) method, as well as the macro basis functions (MBFs) approach,
all summarized in this chapter. The array scanning method (ASM), which allows for the solution
for a point source excitation in an otherwise infinite passive array, will also be briefly discussed.

5-1
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5-2 Theory and Phenomena of Metamaterials
Implementation details will be omitted and references will be provided for further reading on each

specific method. A comprehensive discussion of the MoM can be found in [1,2] and its applications
to analyze the specific electromagnetic structures are illustrated, e.g., in [3,4].

5.2 Equivalence Principle

The equivalence principle [5] is frequently used for solving scattering problems by the MoM. To
illustrate the concept, let us consider the example shown in Figure 5.1a, where an external incident
electromagnetic field impinges on a body of volume V with permittivity €™ and permeability u'™™.
Fields outside the body can be represented with the help of equivalent sources, distributed either
inside V or over the surface S (as shown in Figure 5.1b), enclosing the volume V. This property is
extensively exploited in IE approaches based on the surface equivalence principle [5] by representing
the equivalent electric and magnetic current sources in the form

J=hxH (5.0)

M=Exh (5.2)

where
1 is the external normal to the surface
E and H are the electric and magnetic fields on the surface

The field generated by J and M is such that its superposition with the incident field produces the
original field outside and zero field inside the volume V. Therefore, one can virtually consider the
presence of any material inside because of the absence of field. For example, one could assume a
perfect conductor inside, or a homogeneous material as the one outside, so as to use the free-space
Greens function (GF) to determine the field radiated outside by the equivalent currents J and M.
Analogously, the equivalent currents can be used to evaluate the field inside the surface S when they
radiate in the environment shown in Figure 5.1c. A discussion of the equivalence principle can be
found in [5], and its use in the MoM is detailed in [1,2].

In most cases, artificial media are composed of piecewise homogeneous volumes, as in Figure 5.1,
which allows for the use of a surface IE approach, with unknown field and currents at the interfaces
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FIGURES5.1 (a) Geometry of a scatterer of arbitrary shape with permittivity €' and permeability u. (b) Equivalent
surface electric J and magnetic M currents are shown on its boundary S. They radiate in a homogeneous medium,
produce the original field outside and a vanishing field inside, when the incident field is added. A perfect electric
conductor scatterer would have only electric currents. (c) The equivalent currents produce the original field inside the

boundary S.
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only. This assumption is employed below, and, in general, implies the need of a much smaller number
of unknowns than required in a volumetric MoM for piecewise homogeneous media. For inhomo-
geneous volumes, instead, a volume IE can also be exploited [6,7]. The latter approach is based on the
replacement of the dielectric contrast by an equivalent volumetric current at an arbitrary location r
given by the relation

Jv(r) = jw (e™(r) - ) E(r) (5.3)

where
o is the radian frequency
€ is the free-space permittivity
€'"(r) is the relative permittivity of the medium at point r
E(r) is the electric field at the same location

A contrast magnetic current My = jo (uW"(r) — p°")H(r) can be defined similarly, based
on the variation of permeability p"(r) versus position. An example of metamaterial analysis
based on the volume IE can be found in [8]. In Section 5.3, we discuss the MoM for the solution
of surface IEs. However, before proceeding further we illustrate the equivalence principle for two
important particular cases. In Figure 5.2 the surface equivalence principle is illustrated for the case
of a scatterer made by a perfect electric conductor (PEC). In this case, only the equivalent current on
the boundary S is necessary to restore the original field outside the scatterer, since the total tangen-
tial electric field vanishes because of the PEC boundary condition, which implies M = E x fi = 0. This
special case is particularly important in the RF/microwave range because metals are well approxi-
mated by PECs. In Figure 5.3 the surface equivalence principle is illustrated for the case of a scatterer
made by a PEC surface with an aperture in it. The equivalent problem consists of two regions sepa-
rated by a closed PEC surface. Radiation by the equivalent magnetic current M = E x i, located just
outside the scatterer at the location of the original aperture, restores the exterior field. Radiation by
the equivalent magnetic current —M, located just inside the scatterer at the location of the original
aperture, restores the interior field. The opposite signs of the exterior and interior magnetic currents
establish the continuity of the tangential electric field across the aperture. The continuity of the tan-
gential magnetic field across the aperture is enforced by the IE (Section 5.3). The latter version of the
equivalence principle is also used to model apertures (and periodic sets of apertures) in PEC screens
of infinite extent, shown in Figure 5.3c and d.
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FIGURE 5.2 (a) Geometry of a PEC scatterer of arbitrary shape. (b) The equivalent surface electric J current is
shown on its boundary S. It radiates in a homogeneous medium, produces the original field outside and a vanishing
field inside, when the incident field is added.
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FIGURES5.3  (a) Geometry of a PEC scatterer of arbitrary shape and aperture filled with a material with permittivity
e'" and permeability pi®. (b) Closed PEC scatterer with equivalent surface magnetic currents M and —M on the exterior
and interior parts of the PEC boundary S, respectively, at the location of the original aperture. M radiates outside and
produces the original field when the incident field is added. —M radiates inside and produces the original field. The
analogous problem for apertures in an infinite PEC screen is in (c), and its equivalent problem is (d). Here M and —M,

just above and below the PEC screen, restore the field above and below, respectively.

5.3 Method of Moments for Surface Integral Equations

5.3.1 Spatial Domain

Electric and magnetic fields are often conveniently expressed in terms of scalar and vector potentials
(see, e.g., [2.9]). The time dependence is assumed in the form e/*! and suppressed in the following.
When both electric and magnetic current sources are present, the fields in the homogeneous medium
with permittivity € and permeability p are represented in the frequency domain as follows:

1
H=-joF+Vy+—-VxA (5.4)
u

1
E=-joA-V¢-—VxF (5.5)

Here, ¢ and y are the electric and magnetic scalar potentials and F and A are the electric and magnetic
vector potentials. It is convenient to interrelate the vector and scalar potentials by the Lorentz gauge
V-A= - joped and V - F = jopey. In this way, the knowledge of the electric and magnetic vector
potentials is sufficient to determine all fields. In free space, the vector potentials can be represented as

A(r) =p f}(r’) GdD’ (5.6)
D
F(r) = e f M(r') G dD’ (5.7)
D
where G is the free-space scalar GF
G =G(Jr—r'|) = e /*R/(4nR) (5.8)
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where the wavenumber k is defined as k* = w?ep and R =|r—r'| is the distance between the observa-
tion and source points at r and r’, respectively. ] and M can be linear, and surface, or volume current
densities, and the corresponding integration domain D can be a contour, a surface, or a volume.

With reference to the scattering problem shown in Figure 5.1a, where an external incident electro-
magnetic field impinges on a body of volume V with permittivity €'" and permeability 1", the fields
outside and inside the boundary S of the scatterer are represented by the radiation of the equivalent
current in Figure 5.1b. In this case all the potentials A, F, ¢, ¥ can be expressed in terms of the scalar
GE, and the electric and magnetic fields outside the surface S as follows:

1 .
E=-jop [ GIdS'+ — V- [ GJdS' - ¥ x [ MGdS' + E™ (5.9)
! jwe ] <

H = - jowe f GMdS' + vy . j GMdS’ + V x f}Gds’ + Hi (5.10)
s JOH s $
where the superscript “inc” in the last term of both equations denotes incident fields.

In the following, since we deal with surface IEs, we need to evaluate the fields at the surface S,
generated by equivalent currents located on the same surface. In this case, the integrands of the last
integral terms of Equations 5.9 and 5.10 contain a singularity that needs to be treated carefully. For the
electric field produced by equivalent magnetic current or for the magnetic field created by electric
current (see Equations 5.4 through 5.7), a proper treatment of the field discontinuities across the
equivalence surface is very important. In the last terms of Equations 5.9 and 5.10, we need to evaluate
integrals of the type

v x f GMdS' = - f V'G x MdS’ (5.11)
S S

where V'G denotes the gradient with respect to the coordinates of the source point r'. It can be
proven [10,11] that, when r approaches the smooth surface from outside, the limit of the integral
(Equation 5.11) equals
nxM
2

+ JfM xV'G dS (5.12)
S

where { denotes a principal value integral, and fi is a unit normal pointing toward the space con-
taining the observation point r. This exposes the discontinuity of fields at the surface: the fields differ
depending on the side from which the surface is approached.

Thus, for components tangential to S, the fields at the exterior of surface S, where the currents are
located, have the following form:

1 AxM .
E=—jou | GJAS"'+ —VV- | GJdS' + -+ MxV'GdS’ + E"° (5.13)
Jonsts oo o]
1 i .
H-=- —jwefGMds’ +—VV- j omas' - 2T, Jf J x V/GdS’ + H™ (5.14)
N Jou S 2 N

When the observation point lies outside the integration surface, the integrands of Equation 5.11 are
no longer singular. Therefore, the fields are still given by Equations 5.13 and 5.14, where the terms
i x M/2 and 1 x J/2 should be dropped, while all integrals are understood in the conventional sense,
and all three field components can be considered.

5.3.1.1 Basis and Testing Functions

Surface electric currents on metallic sheets, as well as equivalent electric and magnetic currents on the
interfaces between homogeneous media, are usually approximated by linear combinations of known
basis functions A;,
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where I; and V; are weighting coefficients. A} and A denote basis functions used to approximate
electric and magnetic currents, respectively. For brevity of notation, this distinction will be omitted
below, also because in many practical implementations of the MoM, the same basis functions are
used for both electric and magnetic currents.

Many types of basis functions have been proposed in the literature. Two major categories are usu-
ally distinguished: entire-domain basis functions and subdomain basis functions [12]. The former
are particularly well suited to domains with canonical shapes. The latter have the advantage of fitting
easier to surfaces with arbitrary shapes being assisted by commercially available libraries for mesh
generation. The “Rao-Wilton-Glisson” (RWG, [13]) basis functions have gained particular popular-
ity. They are defined on two triangular subdomains connected along a common edge and provide
smooth approximations of the currents in the subdivided domains. Between these simple basis func-
tions and the entire-domain basis functions, a number of higher-order basis functions have been
defined. The use of higher-order functions allows the currents on larger domains to be approximated
with fewer coeflicients at the cost of a limited additional computational load [14].

The weighting coeflicients I; and V; for each basis function are determined by imposing the bound-
ary conditions at the scatterer surface S. The boundary conditions need, in principle, to be satisfied
at each point of S. However, since there are N = N, + N,,, unknowns, enforcing those conditions at
N points (“point-matching” procedure) is sufficient, in principle, to obtain a system of N linear equa-
tions for N unknowns. These points can be chosen near the middle of the subdomain for each basis
function. However, a better conditioning is generally achieved by enforcing the boundary conditions
in an average sense, through multiplication of the fields by testing functions and integration of the
equations over the definition domain of the testing functions [1]. It is necessary to note that when the
testing function is a Dirac delta function of the surface coordinates, the testing procedure is reduced
to the point-matching. The testing functions used are often chosen to be the same as the basis func-
tions. This important special case is referred to as the Galerkin method [1,15,16], and gives rise to a
symmetric system of linear algebraic equations.

5.3.1.2 The Integral Equations and Discretization

In the case of “dielectric interfaces” (Figure 5.1), the two possible types of boundary conditions to
be satisfied are (1) the continuity of both the tangential electric and magnetic fields at the inter-
face, as computed from equivalent currents on either side (“continuity” or Poggio—Miller-Chang-
Harrington-Wu-Tsai (PMCHWT) formulation [10,17,18], see also [2]) and (2) the correspondence
between, on one side, the equivalent currents, and on the other side, the tangential total fields,
computed as a superposition of the incident field and the field radiated by the equivalent currents
(“consistency” or Miiller formulation [19]).
For instance, the continuity formulation for a dielectric interface S takes the form

jA}(En—Ewwdszo (5.17)
S

fA;(Hm—H“Udszo (5.18)
S

where A; is the jth testing function, and E°"* and H°", and E™ and H'™ are the total electric and
magnetic fields at the opposite sides of the interface, respectively. The external fields E°"', H*"" are
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the sums of the incident and the scattered fields created by the equivalent surface currents (assuming
an infinite homogeneous medium with properties as the exterior one, see Figure 5.1b). The interior
fields E™, H™ are produced by the scattered equivalent currents assuming an infinite homoge-
neous medium, with the parameters corresponding to the interior of the volume enclosed in S (see
Figure 5.1c). The basis and testing functions chosen here have a vanishing component normal to their
domain edges that allows the application of the div operator to the testing and basis functions without
introducing equivalent charges at the subdomain boundaries [2,13]. The Galerkin testing procedure
generally results in a better conditioned system of linear algebraic equations, which can be written as
follows (the set of A' is identical to the set of A?):

ezl - 1

_ (5.19)
(B3, B3] [ = v

(=)

with

Zm/out J‘ j []wpm/out Gm/out(r r ) A (I') .An(r/)

1

jwein/out

G (1, ) V- AL (E) V- An<r'>] as'ds (520
m/out f Al (r) - J[‘ ) x ma/out(r r )] ds’ ds (5.21)

and YIH/OUt _ Zm/OUt/(ﬂin/out)Z where €in/out l/lin/out and r]in/out _ (Hin/out/ein/out)I/Z repre-
mn > > >

sent permittivity, permeability and impedances of the medium inside/outside of the surface S,

respectively. The excitation vectors are determined by projecting the incident fields on the testing

functions

yine :j E™(r)- A’ (r)dS (5.22)
S

I = [ H"(r) - AL, (r)ds (5.23)

In the case of “perfectly conducting surfaces” (Figure 5.2), there are two possible conditions to
be satisfied: (1) the tangential total (incident + scattered) electric field be zero and (2) the tangential
total (incident + scattered) magnetic field (fi x H=0) be zero slightly inside the surface boundary
of the PEC scatterer. These two boundary conditions lead to (1) the electric field integral equation
(EFIE), which can be used for both open and closed PEC surfaces, and to (2) the magnetic field inte-
gral equation (MFIE), which can be used only for closed PEC surfaces [1,2]. Either equation can be
employed to determine the electric current on the scatterer, and each discretization scheme based on
the aforementioned testing procedures leads to a system of linear algebraic equations for the weight-
ing coefficients in the Equation 5.15, of the surface currents only. For example, the discretized EFIE
has the form

[Zmn] [In] = [Vrinnc] (5.24)

where Z,,, is evaluated as in Equation 5.20 considering the material parameters of the medium sur-
rounding the PEC surface, and V> is given in Equation 5.22. It is noteworthy that currents on
infinitesimally thin PEC sheets actually correspond to the sum of currents on both sides of the sheets.
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This is why the solution of the EFIE and the MFIE on closed conducting surfaces suffers from instabil-
ities at frequencies corresponding to interior resonances. These resonances can be generally avoided
by combining the EFIE and the MFIE [1,2,20], leading to what is generally referred to as the com-
bined field integral equation (CFIE), which is based on a weighted sum of the EFIE and the MFIE
into a single equation [2].

In the case of “perfectly conducting surfaces with apertures” (Figure 5.3a), a convenient model
consists of using surface magnetic currents shown in Figure 5.3b, which guarantee the continuity of
the tangential electric field across the aperture. The magnetic current on the aperture S is discretized
as in Equation 5.16. The IE is based on enforcing the continuity of the tangential magnetic field across
the aperture S as in Equation 5.18. This leads to a linear system

[Youn] [Va] = [Iir::lc] (5.25)

where Y,,,, is evaluated as in the text below Equation 5.20 considering the material parameters of the
medium inside and outside the PEC boundary, and I'"® is given in Equation 5.23. It is important to
note that in this particular case the magnetic current radiates in presence of the PEC scatterer and
the GF used in Equation 5.20 should explicitly account for that. The special case of a PEC screen with
apertures, shown in Figure 5.3¢ and d, involves less complicated GFs, since it involves the use of the
free-space GF (with a factor 2 due to the image principle) or the use of the layered media GE

When the basis and testing functions in the integral Equation 5.20 are defined on the same sub-
domain, the singular part 1/(4nR) of the GF is often extracted and its convolution with the basis and
testing functions in Equations 5.20 and 5.21 is calculated analytically. The remaining integrals of the
regular part of the GF are then evaluated using standard numerical quadratures for regular functions.
The readers are referred to [21] where the corresponding expressions are presented for the low-order
basis functions. Similarly, the singularity can be extracted from the terms involving the gradient of
the GF [22], and respective integrals are evaluated in a similar fashion.

Recently, purely numerical quadrature schemes based upon singularity cancellation have been
proposed in [23,24] for direct evaluation of GF convolutions with basis and testing functions. This
approach hinges on a change of variables such that the Jacobian of the transformation cancels the
singularity analytically. In contrast to the singularity subtraction approach, the resulting integrand
is a regular function in the transformed variables, and hence is amenable to integration by Gauss-
Legendre rules [24]. The developed scheme accurately and efficiently handles both singular and
near-singular potential integrals with kernels of the form 1/R defined on triangular elements, which
can be used as building blocks for more complex elements. The major advantage of this approach is
that it provides robust and efficient computational codes without the need for explicit extraction of
GF singularities.

5.3.1.3 Periodic Structures

The method described above can be applied to periodic structures as well. In this particular case,
only one cell of the periodic structure needs to be analyzed numerically, and the use of the periodic
GF takes into account the periodic replicas of the modeled scatterer. However, depending on the
geometry considered, a few cases need to be distinguished.

First, suppose that the periodic structure is made of scatterers which are not electrically connected
with those in contiguous cells. For metallic scatterers (made of perfect electric conductors as in
Figure 5.2) the use of the periodic GF is sufficient to obtain a correct model. When the scattering
body is made of a dielectric material (as in Figure 5.1) then, the formulation in Equation 5.19 is still
valid as long as the periodic GF is considered for the exterior problem. In other words, G**(r, ') is
now the periodic GE, and G (r, ') is the homogeneous free-space GF, as it was in Equation 5.19.

Suppose instead that the periodic scattering object in the main reference cell is now electrically
connected to others in adjacent cells. For perfect electric conducting scatterers, basis functions should
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be placed across the boundary of the periodic cell, representing a flow of current into the next con-
tiguous cell, and each basis function across the periodic boundary should be connected to the same
one at the other side of the periodic cell (“overlapping basis function”) with the proper boundary con-
dition enforced (for example, see [2Z] and Fig. 4 of [26]). For dielectric objects, instead, we need to
make a further distinction. When a dielectric object is located across the boundary of the periodic cell,
but it is not connected to the other periodic dielectric replicas, then the “overlapping basis functions”
technique is applied to the basis functions used for the interior and exterior problems.

The case of a periodic structure made by connected dielectric objects (like a chain of touching
spheres, or a dielectric grating) poses a more challenging problem, and two strategies can be used,
as described below. The first one, applied in [27], consists of using the free-space GF inside the
dielectric medium and the 2-D periodic GF outside. However, in this case it is necessary to add
unknowns at the boundaries of the periodic cell in order to explicitly enforce the periodic bound-
ary conditions between fields in the interior domain. Also, precautions need to be taken along the
lines connecting three media: outer space, the dielectric material of a given cell, and the dielectric
material of a neighboring cell. The reader is referred to [28] for the treatment of junctions between
multiple media. The second strategy for connected dielectric objects, applied in [29], does not use
basis functions on the periodic boundary. It consists of using a periodic GF, with appropriate mate-
rial parameters, for the interior problem as well, and the overlapping basis functions for the equivalent
electric and magnetic currents across the periodic cell, for both the interior and exterior problems.
When the structure under consideration is periodic in two directions, but the dielectric scatterers
are connected to each other in one direction only (e.g., as in a linear chain of connected spheres),
then, the 2-D periodic GF shall be used for the exterior problems, and the 1-D periodic GF should be
used for the interior problem. If dielectric scatterers are connected in two directions, then the 2-D
periodic GF should be used also for the interior problem.

5.3.2 Spectral Domain

Fields can be represented also in the spectral domain as a superposition of the spectral constituents,
such as plane waves. The free-space scalar GF Equation 5.8 for a point source located at r’ is expressed
in the spectral domain as

1 T ~ —i[ke(x—x")+k,(y—y"
G(r,r') = (Zn)2_£_£ Gk, ky, |z — 2/]) e 1R CmxD+Ry 000 g dk, (5.26)
where
- , e_jkzlz_zll
G(kx, ky, zZ—Z |) = W (527)

and k; = /k* — k3 — k3.

When a point source is an electric current J of unit magnitude (1 [A/m]) located at r/, the fields at
point r are described by the dyadic GFs of electric G*/ and magnetic G"/ types [9,30],

, 1 (o) OO~EI , —‘kx X—X’ k —_

GHr,r') = (2“)27£7£§ (ks ky, |2 = 2/[) e TG40, g dk, (5.28)
, 1 oooo~H] , —'kv x—x' k v

Gr,r') = (h)z_f wg (ks kyy |2 = 2/[) e W=D+ R 00 gk dk, (5.29)
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FIGURE 5.4 (a) Planar PEC scatterer of a simple shape on a dielectric layer of infinite extent. (b) The lateral view of
a multilayer case.

~ E ~ H .
where G T and G I are the spectral-domain counterparts of G* and G"’. For a homogeneous
medium, the respective spectral dyads are

Goo (ke ky |2 = 2']) = (jwe) ™ [K1-kk] G(ky, ky, |2 2']) (5.30)

W (keskeys|z=2']) = —j [k x 1] G(kys kyo |z = 2']) (5.31)

where k = kX + k,¥ + k.2, and the + signs correspond to z > z’ and z < 2/, respectively.

The spectral-domain representations (Equations 5.28 and 5.29) of Green’s dyads are particularly
instrumental for calculating the electric and magnetic fields generated by currents located in planes
normal to the z-axis (see, for example, a geometry in Figure 5.4). Indeed, the fields produced by the
current J(r") distributed, for example, on planar conductors at a certain plane z’ (Figure 5.4) can
be obtained as a convolution between J(r') and the Green’s dyads, cf. Equations 5.13 and 5.14. Then,

making use of QE] and QH] in the forms of Equations 5.28 and 5.29 and integrating with respect to
r’ over the area S occupied by the current sources in the plane z’ results in the field representations
expressed in terms of inverse Fourier transforms or the spectral-domain convolution of Green’s dyads
and current density:

1 P ~ EJ I 1\ —j(kex+ky
E(r) = oy ££ G (kg kyolz = 2]) T (ks ky, ') e T E5402) i, dk, (5.32)
H(r)—i G (koo kyolz = 2)) - F(kys Ky 2)e 1000 4k dk, (5.33)
Gy ) ] &7 ek

where the spectral-domain current J(ky, k, z") is defined as

J(ky kyn2') = j](r') eikex"+hy) 4ty (5.34)
S

It is necessary to note that while the Fourier transform of J(r’) above is taken in infinite limits, the
integral in Equation 5.34 is confined only to the finite area S occupied by the currents, in the plane 2.

In the problems of wave scattering by planar conductors, the current J(r’) is unknown a priori in
Equations 5.32 and 5.33 and must be determined by enforcing the piecewise boundary conditions for
the fields at planes with constant z’ (note that the current sources may be placed at several interfaces
in multilayered structures with various discrete values of z’). This results in the EFIE or MFIE simi-
lar to those discussed in Section 5.3.1 with the only difference that the integrands in Equations 5.32
and 5.33 are defined in the spectral domain. These equations are usually solved by the Galerkin
method. The spectral-domain approach has originally been developed for analysis of printed
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transmission lines and planar circuits [31-47], and later applied to the highly efficient modeling of
periodic structures [48-51].

Assuming that the nth basis and mth testing functions are confined to the domains located in the
planes z = z;, and z = z;, respectively, their spectral-domain convolutions with the GF can be expressed
as an inner product, cf. Equation 5.20:

Zon = f j G (ke kynzi,2p) A, dky dk, (5.35)

(27T)2 -

—00 —00

~E
where G ](kx, ky,z, zp) is a dyadic operator representing the GF in spectral-domain. It is necessary

~ E ~E

to note that while in homogeneous medium G ](kx, ky,zi,2p) =G ](kx, ky,|z; = zp]), in general,
this relationship does not hold for layered media. The terms A, in Equation 5.35 are the Fourier
transforms of the testing and basis functions, defined as

Ay(ky ky,z) = fAn (x,y,2) e/Ex*0) dx dy (5.36)
s

The salient feature of Equation 5.35 is that the spectral-domain Green’s dyads (Equations 5.28
and 5.29) required for computations of Z,,, are available in closed form for a broad range of multi-
layered structures. For details of construction and computation of the spectral-domain GFs and their
specific applications, we address the readers to the extensive literature on this topic (see, e.g., [9.52,56]
and references therein).

In the case of planar stratified media, as on the right side of Figure 5.4 or in Figure 5.5, the fields
can be expressed as a superposition of TE and TM waves with respect to the interface normal (z-axis)
(see, e.g., [9,52,53]). The TE and TM waves independently satisfy the boundary conditions at source-
free interfaces between the layers. This significantly simplifies the field representations and enables
the use of the transmission matrix method to obtain the fields of each individual mode at any point
of the planar stratified medium, see, e.g., [54-56] and references therein. It is necessary to note that
the TE and TM waves are separable only in homogeneous planar layers, whereas they are hybridized
at curvilinear interfaces, discontinuities, and in anisotropic media.

The transverse magnetic (TM) and transverse electric (TE) waves with the real wavenumber k, in
the lossless layers surrounding a source can propagate in these layers along the z-axis and carry away
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FIGURES5.5  Unit cell of a multilayered periodic array: (a) top view showing three apertures, and (b) side view show-
ing the apertures in the conductor screens located at the interfaces of (N — 1) magnetodielectric layers of thicknesses
B; with relative permittivities €; and permeabilities p;, i=2,3,..., N. The layer stack is surrounded by free space

(1= =1land ex41 =pn+1=1).
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real power. Conversely, the evanescent modes with complex or purely imaginary k, only store reactive
power in the source vicinity and do not carry away real power along the z direction. Nevertheless,
the evanescent part of the spectrum cannot be neglected because these modes contain the important
fine details of field distributions near the sources and discontinuities. It is noteworthy that the layered
medium may also guide the TE and TM eigenwaves. These traveling waves manifest themselves as

the poles of the dyadic term QE](kx , k) in the variables (k. k, ), which correspond to the tangential
components of the wavevectors of the respective TE and TM modes.

5.3.2.1 Periodic Arrangements

Recently, periodic structures in layered media have attracted considerable attention in the con-
text of modeling metamaterials and photonic crystals, and the study of enhanced transmis-
sion through sub-wavelength apertures in perforated screens. The spectral formulation described
above can be easily adapted to the analysis of periodic structures by replacing the dyadic
GF in Equation 5.35 with the dyadic GF QP (the superscripts “E]” or “HJ” are omitted here because
what follows is applicable to both cases). For example, when analyzing a doubly periodic geometry
on rectangular lattices, the dyadic GF takes the form

~ , 2m)? & 2m 21\ - ,
& (ke kyoz ) = ab) 3 5 (kx kb ) 5 (ky ko4 )Q(kx,ky,z,z ) (5.37)
pg=—o0

where
a and b are spacings along the x and y directions, respectively
k.oaand k, ob are interelement phase shifts
' and z correspond to the source and observation points, respectively
G(ky, ky,z,2") is the Green’s dyad for nonperiodic structures

Besides that, G(k, ky, z, z") may contain poles in the phasing variables (k, k), which are associated
with TE or TM eigenwaves.

When Equation 5.37 is substituted in Equation 5.35, the elements of the MoM impedance matrix
turn into very slow convergent infinite sums. It is necessary to note that the slow convergence of the
spectral integrals or sums above for z close to z’ can be traced back to the spatial singularities of fields
at the source, i.e., at x - x" and y — y'. The convergence of these series or integrals can be signifi-
cantly accelerated either by using GF representations that have an explicit singular spatial term (like
in the Ewald and Kummer methods) or by isolating the spatial singularity associated with sources
(for instance, through a space-domain approach). The techniques for accelerating convergence of the
series in the periodic GFs are further discussed in Section 5.4.

The spectral-domain solution of the IEs is usually computationally more efficient than the respec-
tive spatial-domain procedure, provided that the proper basis and testing functions are readily
available in spectral-domain. The major advantage of the spectral-domain approach is that the GFs
for complex-layered structures exist in closed form. Therefore the inner products in Equation 5.35 can
be efficiently calculated using the Parseval theorem for convolution of the spectral-domain GF with
the respective basis and testing functions. This property is particularly beneficial for the canonical
geometries, where the known entire-domain basis functions take into account the specific features of
field distributions, e.g., edge singularities. The latter feature has been extensively exploited in the anal-
ysis of printed transmission lines and planar circuits (see, e.g., [31-47]), and highly efficient modeling
of periodic structures [48-51,57]. Unfortunately, the spectral-domain basis functions accounting for
the edge singularities of fields are available only for a few basic configurations, which considerably
limits applications of the spectral-domain approach.
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5.4 Green’s Functions for Periodic Structures

The problem of modeling infinite periodic arrays can be reduced to the analysis of a single reference
unit cell. This provides a great numerical advantage as compared to direct simulations of very large
structures. The MoM techniques described above for isolated scatterers can be applied here as well,
with the only difference that a periodic GF should be used instead of the GF in Equation 5.8 for a
homogeneous medium.

To illustrate this approach, let us consider an infinite array on a rectangular lattice, with period-
icities a and b, along the x and y directions, respectively. The periodic GF for infinite arrays can
be represented as a superposition of the fields generated by an elementary source inside the refer-
ence unit cell and the source replicas in all the other unit cells. Without loss of generality we can
assume that the source is placed at the origin (r’ = 0) of the reference unit cell, and all its mn-replicas
are located at r/,,, = max + nby. The spatial representation of the periodic GF is thus given by

oo e—ijm,,

4R,

GP =

m,n=—o0o

o) (mkeoa+nk,ob) (5.38)

where
kyoa and k,ob are the phase shifts between successive cells in the x and y directions,
respectively

Ry = \/(x —ma)® + (y- nb)’ + z2 with x and y being confined to the reference unit cell
(m=0, n=0)

R,y corresponds to the distance between the observation point at (x, ) z) and the source in the
unit cell (m,n) of the infinite array. The use of the periodic GF (Equation 5.38) reduces the solution
domain of the IE to a single unit cell at the expense of complexity in calculation of the GE, which
includes the periodic replicas of the actual source. The convergence of the space-domain series in
Equation 5.38 is very slow, and usually thousands or tens of thousands of terms must be summed
up to attain acceptable accuracy. Moreover, the spatial series (Equation 5.38) does not converge for
complex wavenumbers ko and k, o.

Alternatively, the periodic GF can be obtained with the aid of Equation 5.37 for periodically spaced
sources and the spectral-domain GF, G(ky, ky, |z — 2/|), defined in Equation 5.27. This approach
results in the spectral series expansion utilizing an infinite discrete spectrum of plane waves:

1 ) e—j(kx‘mx+ky,,,y+kz‘mn|z|)
GP = — (5.39)
2]ab m,n=—o0 kz,mn
with
2n 2n
kx,m = kx,O +m—, ky,n = ky,o +n ? (5.40)
a
kz,mn = k? - k_jzc’m - k}Z})n (541)

The branch of k; », is chosen so that Im{k; ,,, } <0, unless the GF is used to model leaky waves,
where the other branch should be adopted (see [58] for more details). The drawback of the series
(Equation 5.39) is that it converges slowly for observation points close to the array plane, i.e., at |z| - 0.
Therefore, the evaluation of the GF requires acceleration of the series convergence.

Intensive research has been carried out to accelerate the GF computations, and several techniques
have been developed to address this problem. Reviews on this topic can be found, for example,
in [3,59-66], and references therein. In this section, only three efficient approaches are briefly
outlined.
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Series acceleration formulations, like the Shanks and Levin-T transforms, have been used suc-
cessfully [67-71] to evaluate periodic GFs. Alternative techniques of convergence acceleration in
periodic GFs, particularly Ewald and Kummer transformations, have shown excellent computational
efficiency. Algorithms based upon the Ewald method [72] are extensively discussed in [61-64,73-81].
Approaches based on the Kummer method are described in [51,65,82,83]. It is necessary to mention
that other efficient schemes have been reported for the periodic GF acceleration. For example in [84]
the Veysoglu’s transformation (see also [59,65,56]) is used to achieve exponential convergence for
2-D problems periodic in one direction.

While the numerical procedure based on Ewald’s method with Gaussian convergence (cf. [73])
is faster, it suffers from breakdown when the structure period is larger than the wavelength [76].
This problem, known as the “high-frequency breakdown,” can be avoided by a proper choice of
the Ewald splitting parameter [61-64]. The physical reasons underlying the breakdown effect are
explained in [62] in terms of emergence of propagating modes. In contrast to the Ewald method,
the Kummer method provides only algebraic convergence of the GF series. Nevertheless, both these
techniques exhibit excellent performance, and we briefly outline them for the reference.

Following [82], a Kummer transformation is applied to the spectral series representation of the GF
(Equation 5.39)

G- S Fn= S (FwmE0)e S EO (5.42)

m,n=—o00 m,n=—oo m,n=—00

where

e—j(kxvmx+ky,ny+kzvm,, |z])
F,. = 5.43
" 2jabk; mn (5.43)

and F}, ~ F,,, i.e., these terms are asymptotically equal for large |m]|, |n|. Therefore a proper choice
of the asymptotic terms F;, , provides faster convergence of the difference series than the original sum
of F,,,, while the sum of Fj, in Equation 5.42 can be efficiently computed with the aid of Poisson
summation formula.

The asymptotic terms Fj,, in Equation 5.42 are chosen according to [82] by representing k; ,,, in
the form, cf. Equation 5.41,

kzymn = =\ ki = (K2 + u?) (5.44)
where
S S S e (5.45)

and u is termed “smoothing parameter” For this definition of the asymptotic form of k, ., it is
evident that at large m,n

e_jkz,mnlz‘ e_kmﬂ‘zl (5 46)
jkz,mn kmn '

Then F;,, can be represented in the following form:

. e—j(kx,mx+k},,ny+km,,\z|)
Fo 5.47
m 2abk,, (5.47)
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Finally, substituting Equation 5.47 into Equation 5.42 and applying the Poisson summation
formula to the last series in Equation 5.42 results in the following representation of the GF:

el _4kz,mn‘zl _kmn‘zl
Gh=L 3 e_ﬂth+MmY)(e] _¢ )
2ab m,n=—o0 jkz,mn kz,mn
oo —uRpy,
+i Z e*j(mkx,oamky,ob)e (5.48)
an e Ry

The series Equation 5.48 converges faster than the original series Equation 5.39. Its convergence
rate depends on the smoothing parameter u. As demonstrated in [82], the choice of the smoothing
parameter has a more dramatic effect on the convergence rate of the spatial series than on the spectral
sum. A reasonable choice of 4, which can provide good convergence of both the spatial and spectral
series in Equation 5.48 is about half the size of the maximal reciprocal lattice base vector [82].

An important result of this convergence acceleration procedure is that the singularity of GF is con-
tained only in the single term m = n = 0 of the spatial series (Equation 5.48), as the distance between
the source and observation points in the reference unit cell Ryg - 0

e #Roo 1

~— (5.49)
Roo Ryo

This implies that the infinite series in Equation 5.48 are regular functions and their convergence can
be further accelerated by repetitive application of Kummer method or other techniques.

An alternative implementation of the Kummer method has been reported in [51,83]. Starting from
the spatial representation of GF given by Equation 5.38 and explicitly extracting the singular part G
of G? at R,,,, — 0, the series (Equation 5.38) can be expressed in the form of G? = G + G, where

e—ijoo
Go = (5.50)
4T[R0()
and
3
G, =>.Q; (5.51)
i=1

is a regular function of x, y, z:

1 -j - —jm a
= e m_z_:m emimkeot K, (\/ki,n —-k2\/22 + (x - ma)z) (5.52)

n

\ky,n|>k m+0
) . e~ JRon
Q= ) erimbho—_— (5.53)
n=—oo 47TROn
n#0

Q= Y [ﬁHéz) (/& -k V2w ) ey

n
[key.n| <k

ad e_j(kx,mx+ky,r1)/+kz,nxn|Z|)
+ ) (5.54)
m=

~ 2jabk; mn

Here, Ky (-) is the Macdonald function, and H(()z) (+) is the zero-order Hankel function of
second kind.
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The series in Equation 5.52 converges exponentially because the summation over 7 is performed
only for the evanescent waves with |k},),,| > k. The external sum over n in Equation 5.54 contains
only a finite number of terms which correspond to the propagating waves. But convergence of the
infinite series in Equations 5.53 and 5.54 is accelerated by the Kummer method, as detailed in [51,
83]. It is necessary to emphasize that the Kummer method is applied here to a single summation in
m only. Therefore (0, and Q3 can be efficiently calculated in a robust manner with any specified rate of
algebraic convergence of order N. The resulting series with the terms of order O (m_N ) are uniformly
convergent for any parameters of the structure and frequency and, in contrast to Equation 5.48, they
do not require the additional smoothing parameter.

The Ewald’s method has been recognized as one of the most efficient techniques for computation
of periodic GFs. It is based upon representation of the GF as a sum of spatial and spectral series [73],

G? = Gspatial + Gspectral (555)
with
oo e—j(mkx‘ga+nk},,0b) LR ]k
Gspatial = — e/ m”erfc(R E——)
spatial m,nZ:_oo 87R [ mn 2E
+e IRRm erfe (R E+ ﬁ)] (5.56)
" 2E ‘
oo 7j(kx,mx+ky,y,y) . ik
Gspectral = Z 67 [e—sz,mn|Z|erfC (M - |Z|E)
momoo  4jabkzmn 2E
el Jkz,mn
+eltemmiferfe | == + |z|E (5.57)
2E
where

erfc is the complementary error function
E is the Ewald splitting parameter

The two series exhibit Gaussian convergence, and in most cases only the terms with m, n= —1,0, 1 are
sufficient to guarantee accuracy up to five or six decimal places when the so-called “optimal” choice
E=+/m/ab is used. The optimal E implies that the same number of terms in the spatial and spectral
series is used to achieve a certain rate of convergence [63,73]. When the period a or b becomes larger
than the wavelength the optimal parameter E must be increased, as noted in [76], to avoid the “high-
frequency breakdown.” Simple algorithms for the choice of E are based on [61,62], and the details of
automatic choice of E are discussed in [63,64].

Inspection of Equations 5.56 and 5.57 shows that the spatial singularity of G? is contained only in
the single term 1/Rog of Gpatial. This implies that the singular and regular parts of G can be explicitly
separated within the Ewald scheme, similar to that in the Kummer method, and can be used for the
analytical preconditioning of the IE kernel. It is noteworthy that the Ewald representation can be
used for complex wavenumbers k o and k, o, and for complex frequency, i.e., for complex-valued k.

Finally, it is necessary to note that the use of Faddeeva functions instead of error functions in
the series Equations 5.56 and 5.57 considerably accelerates the GF computation, e.g., in [81] a 20-fold
speed up was achieved in calculating the GF with a relative error less than 10~*. Indeed, some effective
numerical algorithms for the evaluation of the error function are based on the use of the Faddeeva
function for certain parameter values.
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The Ewald method is generally more efficient than the Kummer based algorithms. However,
certain implementations of the Kummer method provide uniform convergence and do not require
any setup or run time modification of the parameters for internal convergence control, which are
dependent on the structure dimensions and frequency. For relative errors of less than —20 dB, both
acceleration techniques exhibit commensurable convergence rates [83] and can be equally used for
regularization and efficient solution of the IEs with either the entire-domain or subdomain basis
functions.

Another approach intimately related to the Kummer method, the so-called “line-by-line” tech-
nique, provides an efficient means for calculating the periodic GE The spectral summation is used
here in successive lines of sources, while a spatial summation is carried out to add up the contri-
butions of successive lines [29,85-89]. This summation is carried out separately for each mode of
the spectral sum, and convergence can be dramatically accelerated with the help of the Shanks and
Levin-T transforms. This approach can be regarded as a reformulation of the Kummer method out-
lined above. Indeed, in this case, the Q3 term in Equation 5.54 is simply replaced by the summation
of the terms corresponding to propagating cylindrical waves radiated by successive lines of sources.
In other words, Q; is extended to propagating modes by the new expression for Qs3, which reads

1 . > .

Qs = 1jb zn: ey ;oo e_J”’k"’”“Héz) (\/(k2 —k2,)(22+|x - ma|2)) (5.58)
|ky,n|<k m#0

where the inner sum can be accelerated to obtain an exponentially convergent series, as long as the

source spacings are smaller than half a wavelength. In this new formulation, Equation 5.53 describes

the field radiated by the closest line of sources, whereas Equations 5.52 and 5.58, both amenable to

exponentially converging series with the help of the Levin accelerator, correspond to evanescent and

propagating cylindrical waves radiated by the other lines of sources.

5.5 [Illustrative Numerical Examples

In this section, we provide two illustrative examples of efficient simulations of periodic structures by
the MoM: one is composed of dielectric spheres, the other one is formed by apertures in conducting
screens in a layered medium. Subdomain basis functions are used for the former structure, and entire-
domain basis functions are employed for apertures.

5.5.1 Arrays of Spheres, Using Subdomain Basis Functions

In this example, the surface equivalence principle outlined in Section 5.3.1 has been exploited with the
“continuity” formulation, while the GF computation is based on the line-by-line approach presented
at the end of Section 5.4.1. Simulations have been carried out for transmission of plane waves through
an infinitely periodic dense array of spheres with several values of the dielectric constant. The mesh of
the sphere making out the unit cell contains 612 RWG [13] basis functions. The sphere radius is 2 cm
and the size of the square unit cell along the x and y axes is 4.2 cm. The magnitudes of transmission
(T) and reflection (R) coeflicients for normal incidence are shown in Figure 5.6, along with the
sum of their squared magnitudes |R|* + |T|* that should equal unity (check of energy conservation).
The bottom plot shows that the energy conservation is excellent: in most cases, the value of |[R|* +|T|?,
expressed in dB, does not exceed a few hundredths of a dB, except for the case of e, =10 and A < 40 cm,
because in this case the domain of the basis functions A,, is not much smaller than the wavelength A
in the dielectric medium (in particular, it is larger than A /12.5 when A = 40 cm). The total computation
time for each frequency point, on a 2.5 GHz desktop computer, is about 7.5 min (24 s for the tabulation
of the GF and its gradients, 7 min for filling the MoM matrix, and 6 s for solution of the system of
equations). It should be noted that when the unit cells are not too complex (fewer than 1500-2000
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Transm. (dB)

Refl. (dB)

Total (dB)

FIGURE 5.6 Reflection R (middle) and transmission T (top) coeflicients through a layer of arrayed dielectric
spheres. Spheres: various permittivities; 612 RWG basis functions; diameter =4.0 cm; period=4.2cm. Bottom:
Total = |R|* + |T|? for testing the conservation of energy. (From Dardenne, X. and Craeye, C., IEEE Trans. Antennas
Propagat., 56, 2372, 2008.)

basis functions), important time savings (a factor between 5 and 10) can be achieved by interpolating
the frequency dependence of the MoM matrix.

5.5.2 Arrays of Apertures, Using Entire-Domain Basis Functions

This example illustrates the application of Galerkin method (same basis and testing functions) with
entire-domain basis functions (cf. Section 5.3.1). Reflectance and transmittance are calculated for an
array of 2-D periodically spaced apertures of arbitrary shapes in stacked conducting screens. As the
same periodicity in x and y directions is assumed in all layers, the problem is reduced to a single unit
cell (a x b), which may contain several dissimilar apertures as shown in Figure 5.5. Each aperture
is defined by its length 2L along the x-axis and variable width [I*(x) + I”(x)] in the y direction.
The screens are assumed to be infinitesimally thin and perfectly conducting. Finite thickness of the
screens is also taken into account with the aid of the effective aperture dimensions [90] and the
impedance boundary conditions can alternatively be used to model imperfect conductors.

The array is illuminated by a TE (S) or TM (P) polarized plane wave incident at an arbitrary angle
0 to the z-axis, so that the y components of their electric fields, E,, are perpendicular to the aperture’s
larger side (2L) extended along the x direction. The array reflectance and transmittance are calculated
by solving a system of IEs for unknown magnetic currents on the apertures as shown in Figure 5.3d.
The IE with the periodic GF has been treated by Galerkin method with the entire-domain basis and
test functions, which explicitly account for the field singularities at the aperture edges. This leads to
a system of linear equations similar to Equation 5.25. The convergence of GF has been accelerated by
the Kummer method as detailed in Section 5.4.1. Then, the convolutions of the singular part of GF
with the basis and test functions have been evaluated analytically; that resulted in a rapidly convergent
computational algorithm with controllable accuracy of the numerical solution (see details in [51]).
The convergence tests have shown that for calculating the scattering parameters with the relative
error less than 1072, two to four basis functions are sufficient for rectangular slots and six to eight
basis functions are required for apertures with substantial width variations. The simulation time per
frequency point for the two-layer array with dissimilar apertures (relative error less than 0.01) was

© 2009 by Taylor and Francis Group, LLC



Measurements
—8—Simulation £=0
—&—Simulation £ = 8.4 um

Fundamentals of Method of Moments for Artificial Materials 5-19
-1 / e

DY/ S Y O A \\

0.85 0.9 0.95 1 1.05 1.1 1.15 1.2 1.25
(a) Wavelength (mm)

0 T T
ﬂ — Measurements
9 / \ —&— Simulation £=0
/ \\\ —A— Simulation ¢ = 8.4 pm|
-4

7

Transmission (dB)
&
"&
5

Transmission (dB)
b

-10 \e— H= =
o = I
\\

e I
0.85 0.9 0.95 1 1.05 11 1.15 1.2 1.25

(b) Wavelength (mm)

FIGURE 5.7 Comparison of measured and simulated transmittance for (a) TM and (b) TE waves incident at 45°
on the slot arrays with the following dimensions: (a) a = 0.452 mm, b =0.540 mm, 2L = 0.460 mm, 2] = 0.016 mm; (b)
a=0.500mm, b=0.490mm, 2L =0.458 mm, 2/ =0.014 mm. (From Schuchinsky, A., Zelenchuk, D., and Lerer, A.,
J. Opt. A: P Appl. Opt., 7(2), 8102, 2005.)

about 4 s when using a desktop PC with CPU Athlon XP 1600 and 400 KB RAM. Further details of
the method and verification of the computational algorithm are discussed in [51].

The simulated transmission coefficients for the single layer slot arrays illuminated by TM (mag-
netic field in the conductor plane, see inset in Figure 5.7a) and TE (electric field in the conductor
plane, see inset in Figure 5.7b) polarized plane waves incident at 45° are shown in Figure 5.7 in
comparison with the measured transmittance [91-93]. The resonant wavelengths of the maximum
transmittance calculated for infinitesimally thin conductors (#=0) are in excellent agreement with
the measured results for both polarizations, and the simulated and measured characteristics closely
follow each other in a broad range of wavelengths.
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5.6 Eigenmode Analysis

Eigenmodes are waves that can propagate or resonate in the structure without distortion and inter-
action with other modes. This implies that they represent nontrivial solutions of the homogeneous
system of algebraic equations arising from the MoM solution of the IE. Hence the determinant of the
system matrix is zero, or equivalently, at least one of the matrix eigenvalues is zero. When applied
to periodic structures, eigenmodes can be analyzed in the Brillouin space, appearing for particu-
lar values of phase shifts ky ga and k, b, that can be complex-valued for leaky modes or waves in
lossy structures. Searching for zeros of the impedance matrix may be computationally intensive, since
zero-searching must be carried out over a large 4-D domain. This calls for faster methods for com-
puting the GF, for interpolating the MoM impedance matrix elements over the Brillouin space, etc.
Successful implementations of the eigenmode analysis are described in [80,94-96], where, in the lat-
ter references, the procedure is accelerated thanks to a transformed IE formulation, which avoids
root-searching methods by obtaining all eigenvalues at once. As an illustration, we can present the
characterization of a double negative material [96], where the unit cell contains a wire section and
a split-ring resonator. In Figure 5.8 the dispersion characteristics of the metamaterial are depicted
(B represents the propagation wavenumber), first without the wires (solid line) and then with the
wires and the split-ring resonator particle (dashed line). It can be seen that when the wires are
added to the crystal, a new transparency band emerges in a frequency range previously forbid-
den. Furthermore, the slope of the curve is negative, showing that the mode exhibits backward
propagation.

The interpretation of the resulting eigenmode loci (generally speaking, 3-D domains in a 4-D
space) can be found in [97] for example. A more difficult task is the tracking of complex modes
(i.e., eigenmodes with complex-valued wavenumbers ko and k, o, or with complex frequencies),
which are important for the analysis of leaky wave structures and near field interactions. This involves
evaluation of complex roots of complex-valued functions which require specialized algorithms for
locating, bracketing, and refinement of the roots. The recent developments in computing complex
zeros of analytical functions [98-100] provide efficient tools for analysis of such complex eigenmodes.
Examples of accurate numerical complex mode analysis in periodic structures and metamaterials can

be found in [26,101-103].
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FIGURES5.8 Dispersion characteristic of the medium with SRRs (solid line) and with SRRs and wires (dashed line).
(From Silveirinha, M.G. and Fernandes, C.A., IEEE Trans. Microwave Theory Tech., 52, 889, 2004.)
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5.7 Array Scanning Method

The ASM (see [58,104-111] and references therein, and [112,113] for a time-domain implementation)
allows for the determination of fields radiated by an isolated source in an infinite periodic structure.
More details for arrays periodic in two directions are presented in Chapter 12 [58]. An explanation
is provided here for the case of linear arrays of point sources along the x direction [110]. The point
source at ¥’ =0 can be alternatively represented by a continuous superposition of arrays of phased
sources as

oo

8(x') = 8(x") (t') = 8(¢') ﬁj S 8(x' — ma) e ™ dy (5.59)

0 m=—oo

where
a is the array spacing along x
8(t") is a Dirac delta function defined in the plane transverse to the x-axis and centered on it

The interelement phase shift equals y = k, oa and varies over the Brillouin zone. Since this superpo-
sition property holds for the sources, it holds also for the generated fields. Thus, superimposing the
electric field solutions, E*°, from the infinite array of sources in the infinite periodic structure, we
obtain the solution for one source at ' = 0 only in the infinite-array structure:

2n
E(r + nax) = i f E®(r,y) e /™ dy (5.60)
0

where r + nax is the coordinate of the observation point in the nth periodic cell and r lies within
the reference unit cell (with n=0). When, for numerical integration, the integral is approximated
by a sum of P terms, the calculated field is the one produced by the original source at ¥’ =0 plus
the “images” repeated every P elements (aliasing phenomenon [58,111,114]). An estimate of the ASM
numerical merit as compared to a standard plane-wave superposition for the field represented by a
single source is discussed in [58,110]. When applied to 2-D periodic arrays [111], the ASM permits
to determine the point-spread function (spatial impulse response), which corresponds to the field
radiated by a point source through an infinite slab periodic in two directions. In [115], this technique
has been used to estimate the point-spread function of a metamaterial composed of parallel wires. In
three dimensions, the ASM enables the computation of fields radiated by localized sources in infinite
periodic media.

5.8 Finite Arrays

In practice, periodic metamaterials will have finite size, generally limited to a few wavelengths. In
view of the eigenmodes that may propagate within the structure, strong reflections at the edges of the
array may take place and lead to a significantly different response of the finite structure [116,117], as
compared to the infinite-array case. These effects need to be evaluated very quickly and, in doing so,
the periodicity of the structure is, in general, exploited efficiently. Three main approaches are briefly
outlined below.

5.8.1 Fast Multipole Methods

Fast multipoles are based on the observation that the free-space GF can be decomposed into a con-
tinuous spectrum of plane waves whose directions of propagation span the whole unit sphere. In
this decomposition, the addition theorem for Bessel and Hankel functions plays a key role [118]. This
decomposition leads to diagonalization of the operator standing for radiation from a given region
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and testing by decomposition functions located in another, sufficiently distant, region. The required
data are then the far-field patterns of basis functions and a translation operator, which depends on
the relative positions of centroids of the groups. If the N basis functions are arranged into about /N
groups of about \/N basis functions, the testing by all basis functions of fields radiated from the whole
current distribution can be carried out in order of N*/? operations instead of order N? [118]. When
extended to a multilevel scheme, with a hierarchic decomposition of groups, the complexity asymp-
totically reduces to order N log, N [119,120]. This method has been successfully applied by different
authors [121-124] to the fast simulation of fields in periodic structures. Advantage can be taken from
the periodicity to reduce the amount of memory needed to store the patterns of basis functions and
to compute preconditioners [121] that lead to accelerated convergence of iterative solvers based on
Krylov subspace [125] methods.

5.8.2 The Fast Solver GIFFT

A new algorithm that combines the use of green’s function (GF) interpolation (FFT) and fast Fourier
transforms, GIFFT has been recently proposed in [126,127] to model large periodic structures of finite
size. This method is similar to the adaptive integral method (AIM) [128] in the sense that it projects
the solution domain onto a regular grid to enable the use of the FFT algorithm. The key difference is
how the projections are done. In AIM, radiating basis and testing functions are replaced by a neigh-
boring grid of approximately equivalent monopole sources, and the usual GF is used to compute
the interactions between these groups of equivalent sources. In GIFFT, the GF is approximated on
an interpolation grid, and the basis and testing function integrations are done in the usual manner
using the interpolated GF. The method lends itself to efficiently handle large arrays while maintain-
ing the generality of standard MoM. Instead of using field representation in the spectral domain as
in FMM, GIFFT works entirely in the spatial domain and basis function interactions rely on point
to point interactions, calculated with the proper environment GE Therefore, multilayer GFs can be
readily used in GIFFT as in the standard MoM [127].

5.8.3 Macro Basis Functions Approach

When complex unit cells of a particular artificial material, made of a periodic structure of finite extent,
are considered, the solution of the IE may require a very large number of unknowns. Nevertheless,
when the elements are smaller than the wavelength, which is always the case in metamaterials, the
fields radiated by a given structure can be described with very few parameters [129,130]. Also, in
passive periodic structures, fields (or equivalent currents) that can be excited on a given cell have
relatively few physical degrees of freedom [131] for most types of excitations. In other words, the phys-
ically possible discretized solutions belong to a relatively small subspace of the space representing all
possible mathematical solutions (with dimension equal to the number of unknowns). An alterna-
tive basis set for this physical subspace can be formed by the solution for a given unit cell under a
few illuminations [131-134]. A relatively open problem then consists of finding a systematic way to
construct such a basis. Several methods developed for antenna array applications and for metama-
terials have been proposed in the literature. The first consists of exciting one cell from a number of
directions [133] or from point sources located on a surface enclosing the structure [134]. The singu-
lar value decomposition (SVD) procedure then enables the reduction of the number of generated
MBFs, based on their linear dependence below a certain threshold. Another method for MBF gener-
ation is based on the illumination of an isolated element (primary), which in turn, illuminates other
elements (secondaries) of the array [135]. Alternative methods are based on the solutions obtained
with small arrays (e.g., 3 x 3 arrays) [122]. Finally, another approach starts from the superposition of
infinite-array solutions [114] for a given set of phasings along the periodic directions, kx ga and ky o b,
which finds its justification in the ASM. Reference [133] shows how to obtain the reduced system of
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equations, whereas an accelerated technique which avoids the computation of the original system of
equations, based on multipole decompositions, is described in [136].

An example for the use of MBFs in the analysis of finite metamaterials is given below [137]. The
analyzed structure is composed of 3 x 4 x 3 unit cells along the x, y, and z directions, respectively,
as shown in the insert of Figure 5.10. Every unit cell of the array is made of the combination of a
metallic (perfect electric conductor) split-ring resonator and strip, in order to realize a negative-index
material [138]. Each unit cell occupies a cube with sides of 2.6 cm and is meshed with 94 RWG [13]
unknowns. The array is illuminated, on one side, by a dipole fed with a delta gap excitation. On the
other side, a receiving dipole is placed, in order to evaluate the transmission coefficient of the array, as
shown in the inset in Figure 5.10. Both dipoles are short in comparison to the wavelength, and have a
height of 1 cm.

The transmission coefficient versus frequency is shown in Figure 5.10, and it is defined as the ratio
between the currents flowing at the center of the receiving and transmitting dipoles, in the presence
of the metamaterial, normalized with respect to the same ratio in the absence of the metamaterial.
The transmission coefficient is computed by simulating the structure in three different manners: by
using MBFs obtained from a 2 x 3 x 2-array solution, by using MBFs obtained from the infinite-array
solution, and by a standard MoM procedure (solved with gaussian elimination). The latter solution
is used as a reference solution to calculate the absolute error of the transmission obtained with the
MBF methods and requires to solve a system of equations involving 3384 unknowns.

The first method based on using the MBFs from the finite-array solution represents a simple way—
but also computationally expensive—for obtaining the MBFs [139]. It consists of analyzing via a
standard MoM a small-scale interconnected structure, made of 2 x 3 x 2 unit cells, excited by only
one plane wave. The MBFs are extracted from the currents induced in each unit cell of the structure.

In the second method, based on using the MBFs from the infinite-array solution (see Figure 5.9),
the primary MBF corresponds to the infinite-array solution obtained with a plane-wave excitation.
The secondary MBFs [135] are obtained by placing the primary MBF in a small-scale (2 x 3 x 2 unit
cells) interconnected structure and by computing on the neighboring elements, taken individually,
the currents induced by the fields radiated by the primary MBE. The advantages of this approach
are summarized here: (1) only two MoM impedance matrices need to be inverted, corresponding
to the infinite-array and the single-element cases, respectively, and (2) the unit cells connecting to
the primary MBF solution inherently exhibit continuous currents across the electric connection.

Infinite-array simulation
Extraction of the . ’\
current distribution /

Use this current
distribution as a
primary MBF
in a small array

2x3x2
Nonzero

current at connection

Creation of . o~
secondary MBFs " j @ s
] 1

FIGURE 5.9  Scheme for creating a set of MBFs from an infinite-array solution.
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FIGURE 5.10 Transmission coefficient, as defined in Section 5.8.3, for a periodic metamaterial (see inset) made of
3 x 4 x 3 unit cells.

Consequently, this method is faster and gives better results than the previous one, especially when
connections are present between the unit cells of the studied structure.

Both MBF approaches allows us to reduce dramatically the number of unknowns of the complete
system. Indeed, since in both methods 12 MBFs are obtained, the number of unknowns is reduced
from 3384 to 432.

Figure 5.10 compares the solutions for the transmission coeflicient obtained with the two MBF
methods. The top line corresponds to the transmission coefficient obtained via the standard MoM
with gaussian elimination for the 3 x 4 x 3 array. Overall, the presence of the metamaterial leads
to a certain field blockage (transmission coeflicient below zero). Since the metamaterial structure is
not large, compared to the wavelength, that blockage is limited. The peak near 1.9 GHz is believed
to correspond to the negative-index region, where a pass-band is expected. We have verified that
the peak around 1.3 GHz is related to the resonance of the wires with finite length. The two other
curves represent, on the same dB scale, the absolute error in evaluating the transmission coefficient
obtained by solving the problem with the two MBF-based approaches described above; the error is
computed as the magnitude of the difference between the transmission coefficients obtained with
the MBF-based formulation and the standard MoM solution. The curve with bullets shows the error
when using the MBFs obtained from the small finite-array analysis. The curve with triangles shows
the error when using the MBFs obtained from the infinite-array solution. It can be seen clearly that
the error from the latter method is smaller, i.e., near —60 dB. The two methods based on the use
of MBFs are much faster than the standard MoM, since they require mainly the solution of unit-
cell problems only and the solution of the whole scattering problem with just a few unknowns per
unit cell.
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6.1 Introduction

Most metamaterials have periodic repetitions in one or more directions. Thus, it is desirable to apply
periodic boundary conditions (PBCs) in electromagnetic modeling to reduce the computational
cost. PBCs are formulated in the spectral domain and have been efficiently implemented by fre-
quency domain numerical techniques. In order to develop an efficient time-domain technique for
the modeling of periodic structures, spectral approaches should be explored. This chapter describes
the finite-difference time-domain (FDTD) techniques developed for the modeling of periodic struc-
tures. After reviewing the basic principles of the FDTD method, we present a spectral PBC for the
method, which can be used in both guided wave analysis and scattering characterization. Further-
more, the array scanning method (ASM) is integrated with the spectral FDTD method to analyze a
finite source in metamaterials.

6.2 FDTD Fundamentals

The FDTD method, which discretizes Maxwell’s equations in both the time and space domains, has
demonstrated desirable features for the analysis of electromagnetic structures [1]. A significant advan-
tage of the FDTD method is the versatility to solve a wide range of microwave and antenna problems.

6-1

© 2009 by Taylor and Francis Group, LLC



6-2 Theory and Phenomena of Metamaterials

It is flexible enough to model various media, such as conductors, dielectrics, lumped elements, active
devices, and dispersive materials. Another advantage of the FDTD method is its capability in broad-
band characterizations. Since this method is carried out in the time domain, the transient data from
one simulation can be transformed to the frequency domain to obtain a wideband response.

The FDTD method deals with the differential form of Maxwell’s equations in the time domain,

. 0B
=5
v x H:a—D+f,
ot
V- D:p
V-B= (6.1)

where
E is the electric field intensity in V/m
I? is the electric flux density in C/m”
H is the magnetic field intensity in A/m
B is the magnetic flux density in Wb/m”
J represents the electric current density in A/ m’
p denotes the electric charge density in C/ m’

Constitutive relations, which describe the electric and magnetic characteristics of materials, are a

necessary supplement to Maxwell’s equations. In a linear, isotropic, and nondispersive material, they
can be simply written as follows:

D=¢E

o}
'g
=

(6.2)

where
¢ is the permittivity
U is the permeability

It is important to point out that the four equations in Equation 6.1 are not independent of each
other. Actually, the two divergence equations can be derived from the two curl equations. Therefore,
only the two curl equations need to be considered in the derivation of the FDTD method.

To solve Maxwell’s equations numerically, Yee introduced a cubic lattice with electric and mag-
netic field vectors sampled in a special manner, as shown in Figure 6.1 [2]. The cell dimensions are
(Ax, Ay, Az) in Cartesian coordinates. It is observed that every E component is surrounded by four
circulating H components, and every H component is surrounded by four circulating E components.
The space domain V is then filled with these unit cells, and a grid point (i, j, k) is defined as

(i, j, k) = (iAx, jAy, kAz). (6.3)

In the time domain, the electric field and magnetic field are sampled with a half time step difference,
i.e., the electric field is evaluated at t = nAt and the magnetic field is computed at t = (n + 1/2)At.
Here, At is the time increment.

With the above definitions, a central difference scheme is used to discretize the two curl equations
in Equation 6.1. For example, the following six equations are obtained in free space:
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FIGURE 6.1 Electric and magnetic field vectors in a unit cell.
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(6.4)

(6.5)

The updated Equations 6.4 and 6.5 can be adjusted to model different dielectrics, conductors, thin
wires, and lumped elements encountered in electromagnetic problems. In addition, active devices
and dispersive materials can also be accurately characterized with proper models in the FDTD

method [1].

To calculate the time evolution of the electromagnetic fields, Equations 6.4 and 6.5 are used in the
following manner. Initially, all field values within the computational domain are set to zero. An exci-
tation, which can be a lumped voltage source or a distributed plane wave source, is then introduced
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6-4 Theory and Phenomena of Metamaterials

at a specified location. The values of magnetic fields are computed at time ¢ = (n + 1/2) At, followed
by the computation of electric fields at time ¢ = (n + 1)At. The time-stepping iterative procedure
is repeated until the desired time response for the electromagnetic problem is obtained. Finally, a
Fourier transform is performed on the time-domain data to derive the frequency characteristics of
the electromagnetic problem. This implementation procedure is fully explicit, thereby avoiding the
inversion of a large matrix required in other numeric methods.

As an explicit difference scheme, the FDTD algorithm requires that the time step size At must
be smaller than a specific bound determined by the space increments Ax, Ay, and Az in order
to avoid numerical instability. For three-dimensional (3D) problems, the Courant-Friedrich-Lewy
(CFL) stability condition gives the following bound in free space:

At < , (6.6)

where C is the free space wave speed.

A fundamental consideration with the FDTD method is the treatment for boundary conditions.
For a closed structure with metal walls, boundary conditions can be simply handled by setting the
tangential electric fields to zero. For an open structure encountered in many antenna radiation or
electromagnetic scattering problems, the simulation grids must theoretically extend to infinity for
a perfect representation of the actual electromagnetics scenario. Clearly, no computer can store an
unlimited amount of data, and therefore, the computational domain must be truncated to a finite size.
Various absorbing boundary conditions (ABCs) are developed to eliminate the reflection of outgoing
waves on the perimeter of the domain as if the simulation were performed on a computational domain
of infinite extent. Two popularly used boundary conditions are radiation boundary conditions based
on traveling wave equations [3,4] and perfectly matched layers (PMLs) based on an appropriate
design of a uniaxial lossy medium [5,6]. Modern ABCs have excellent capabilities for virtually
reflection-free truncation of the computation domain with a wide dynamic range of 70 dB or more.

The aforementioned boundary conditions are used for electromagnetic structures with finite sizes.
In many EM applications, especially in artificial materials, the analyzed structure is considered to be
infinite in a periodic manner. Typical examples include corrugated waveguides, frequency selective
surfaces (FSSs), electromagnetic bandgap (EBG) structures, and double negative materials. A direct
simulation of the entire periodic structure requires prohibitively large computational resources,
which is impractical for researchers and engineers. To alleviate the computational burden, PBC that
models the effect of periodic replication is utilized to truncate the computational domain so that only
a single unit cell needs to be simulated. In the following sections, several PBCs will be described, and
their applications in a variety of artificial materials will be highlighted.

6.3 Periodic FDTD Method for Waveguide Designs

Periodic structures have been used to design various waveguides. For example, a metal ground plane
with periodic corrugations is designed to guide slow waves. Recently, an EBG structure consisting
of periodic patches and vias on a grounded dielectric slab are proposed to suppress surface waves
within a certain frequency band. A common question behind these applications is how to accurately
characterize the dispersion curve of periodic structures. More specifically, at a given frequency, the
propagation constants of surface waves need to be identified. A reverse statement of this question
is to find the eigenfrequencies of surface waves at a given propagation constant. The FDTD method
has been successfully applied to analyze periodic waveguides. Since it is a time-domain method, the
latter statement of the problem is more convenient for finding the dispersion curve.

The FDTD algorithm discussed in the previous section still applies, and the main distinction here
is the setup of PBCs [7,8]. Assume that an electromagnetic wave is guided along the z-direction with a
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propagation constant k. The period of the artificial waveguide is p,. For the purpose of computation
efficiency, the computation domain is truncated to include only a single unit of the periodic cell. In
transverse directions, the traditional metal wall condition or ABC is used. In the longitude direction
(z-direction), the following equations are used:

E(x,y,z) = E(x,y,z+ p;) - exp(jk:p:),
H(x,y,z) = H(x,y,z+ p;) - exp(jk.pz). (6.7)

The eigenfrequencies of the system at the selected propagation constant k, are computed from the
Fourier transforms of the time-domain data of the fields. In practice, these frequencies correspond
to the peaks in the frequency spectrum. To obtain a complete dispersion curve, the FDTD simu-
lation needs to be repeated for different values of the propagation constant k,. It is worthwhile to
point out that the excitation condition and the extraction of time-domain data are critical to obtain
accurate results. For example, if the excitation point is put at a null location of a specific mode, the
corresponding eigenfrequency may be lost in the frequency spectrum.

Figure 6.2 shows a periodically segmented waveguide, which is analyzed using the FDTD
method [8]. This waveguide is used for the quasiphase-matched second harmonic generation of blue
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(b)

FIGURE 6.2 Periodically segmented dielectric waveguide structure. (a) Waveguide geometry with dimensions:
w=25um, h = 40um, d = 5.0um, &4 = 1, & = (1.875)%, and &,3 = (1.85)% and (b) propagation constants
and eigenfrequencies of surface wave modes. (From Cangellaris, A.C., Gribbons, M., and Sohos, G., IEEE Microwave
Guided Wave Lett., 3(10), 375, October 1993. With permission.)
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FIGURE 6.3 A mushroom-like EBG structure: (a) geometry and (b) dispersion diagram. T : (kx, k,) = (0, 0),

X: (ks ky) = [20/(W + g), 0], M: (ks, ky) = [20/(W + g), 2nt/(W + g)]. (From Yang, F, Aminian, A., and
Rahmat-Samii, Y., Microwave Optical Technol. Lett., 47(3), 240, November 2005. With permission.)

light. In the analysis, perfect electric conductors were used 1.4 um above the air/substrate interface
and 7.0 um below the interface for truncation. PBC is used to truncate the computation domain in
the z-direction. Figure 6.2b shows a comparison of the eigenfrequencies found using a slab waveg-
uide model and the FDTD method. Excellent agreement is observed even when multiple modes are
present in the structure.

The aforementioned FDTD technique is also used to analyze a mushroom-like EBG structure [9].
The EBG structure consists of four parts: a ground plane, a dielectric substrate, periodic patches,
and connecting vias, as shown in Figure 6.3a. The dimensions of an analyzed EBG structure are
W =7.5mm, g = 1.5mm, h = 3mm, and &, = 2.94. Here W is the patch width, g is the gap width,
h is the substrate thickness, and ¢, is the dielectric constant of the substrate. The vias’ radius in
the EBG structure is 0.375 mm. In this implementation, the structure is periodic in both x- and y-
directions. To accommodate this 2D periodicity, PBCs need to be put on four side walls of the unit
EBG cell. For a given pair of horizontal wave numbers (ky, k), equations similar to Equation 6.7
can be derived for x and y boundary treatments. Figure 6.3b shows the dispersion diagram of the
EBG structure, where the vertical axis denotes the frequency and the horizontal axis represents the
values of the transverse wave numbers (ky, k). One FDTD simulation outputs the eigenfrequencies
of surface wave modes at a given combination of wave numbers (ky, k), and the FDTD simulation
is repeated for 30 different combinations of k, and k, in the Brillouin zone. Thus, each point in the
modal diagram represents a certain surface wave mode. It is observed that no surface waves exist in
the frequency range from 3.5 to 5.9 GHz regardless of the propagation directions and polarizations.
This frequency region is known as a surface wave bandgap of the EBG structure.

6.4 Periodic FDTD Method for Scattering Analysis

Periodic structures have also been used to design various scatterers and antenna arrays. For example,
FSSs consisting of periodic dipoles or slots are widely used as radomes and subreflectors in large
antenna systems. Planar reflectarray antennas, which are built from thousands of microstrip antenna
elements arranged in a periodic lattice, are utilized in the Earth remote sensing and deep space
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FIGURE 6.4 An FDTD model setup to simulate the scattering property of a general periodic structure.

exploration programs. More recently, artificial materials made of periodic metal wires and split
rings are designed to achieve simultaneous negative permittivity and permeability, that are known as
double negative metamaterials.

An FDTD model used to analyze the scattering property of a general periodic structure is plotted
in Figure 6.4. The computation domain is enclosed by PMLs on the top and bottom and PBCs on four
sides. A single unit cell of the periodic structure is included in the computation domain. A plane wave
source is added on a virtual connection surface, which separates the entire computation domain from
the scattered field region above and the total field region below. An observational plane is set in the
scattered field region to extract the reflected field, and the reflection coefficient T is calculated by
taking the ratio of the reflected field over the incident field.

According to the Floquet theory for periodic scattering problems, PBC along the x-direction is
expressed in the frequency domain as below:

E(x,y,2) = E(x + px, y,2) exp(jkxpx ),
H(x,y,z) = H(x + px, y,2) exp(jkypx), (6.8)
where

Px denotes the periodicity in the x-direction
k, is the horizontal wave number determined by both the frequency and the incident angle 6

ky=ko-sin0, (6.9)

where ko = 2nf,/€oHo is the free space wave number. When Equation 6.8 is transformed into the
time domain,

E(x,y,2,t) = E(x + px, ¥, 2, t + p, sin0/C),

6.10
H(x,y,2,t) = H(x + px, y, 2, t + px sin/C), (6.10)
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FIGURE 6.5 A PBG crystal analyzed using the FDTD method. (a) Geometry of the PBG crystal that consists of six
rows of 4 mm diameter Pyrex rods (e, = 4.2) on a 9 mm square lattice; and (b) magnitude of transmission through
the PBG crystal. (Reproduced from Maloney, J. and Kesler, M.P, Analysis of Periodic Structures, Computational
Electrodynamics: The Finite Difference Time Domain Method, Artech House, Boston, MA, 2000. With permission.)

it is noticed that the field data in the future time (t + p, sin8/C) are needed to update the electric
and magnetic fields in the current time (t), which creates a fundamental challenge in formulating
the PBCs.

6.4.1 Normal Incidence

Normal incidence is a simple but fundamental case to deal with. When a plane wave is normally
incident on a periodic structure, we have 8 = 0 and k, = 0. Therefore, Equation 6.10 is simplified to

E(x,p,2,t) = E(x + px, y, 2, 1),
H(x, 9,2, t) = H(x + px> 2, ). (6.11)

It is clear that no data in the future time is needed in this PBC. Hence, the difficulty in Equation 6.10
automatically vanishes and the PBC can be implemented easily. It should be pointed out that the
stability condition and the dispersion relation of the normal incidence case remain the same as
Equation 6.6.

PBCs (Equation 6.11) for normal incidence have been combined with the FDTD technique to
analyze a number of scatter problems. For example, Figure 6.5a shows a photonic bandgap (PBG)
crystal consisting of six rows of Pyrex rods [10]. The rods are assumed to be infinitely long in the
z-direction and are periodically repeated in the y-direction. Thus, this problem is simplified into
a 2D simulation, and PBCs are applied in the y-direction. A plane wave propagating along the x-
direction normally illuminates on the PBG crystal. The computed transmission coefficient is shown
in Figure 6.5b, where a stop band around 13.5 GHz is realized with an attenuation around —20 dB. The
FDTD results agree very well with the numerical results obtained from the mode-matching method.

6.4.2 Oblique Incidence: Sine-Cosine Method

Scattering properties of a periodic structure, such as resonant frequency, reflection and transmission
coeflicients, vary with the incidence angle of the plane wave. Therefore, it is necessary to simulate
the plane wave incidence at oblique incidence angles. Various approaches have been proposed to
overcome the difficulty of PBC in Equation 6.10. Here, a Sine-Cosine method [11] is discussed first.

This technique incorporates the Floquet phase shift boundary condition (Equation 6.8) directly
into the FDTD simulation instead of using its time-domain form (Equation 6.10). To this end, the
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computation domain is excited by two plane waves incident simultaneously: one with a cos wt
time dependence and the other with sin wt. The corresponding fields are denoted by (E;, H;) and
(E;, H»). The conventional Yee’s algorithm is used to update these two sets of fields separately. To
apply the PBC, the fields on the boundary are first combined as follows:

Ec=E +jE,, H.=H +jH,. (6.12)

It is worthwhile to emphasize that the combined fields have complex values. Since the combined
fields are equivalently excited by e/’ = cos wt + jsin wt, the phase relation in Equation 6.8 can be
used directly for the combined fields:

Ec(x,y,2) = Ec(x + px, y,2) exp(jkyps),
H.(x,y,2z) = H(x + px, ¥, 2) exp(jkspx), (6.13)

where k, is calculated using Equation 6.9 with a known frequency w and an incident angle 0. Finally,
two sets of fields are extracted from the combined field:

(El,Hl) = Re(EC,HC), (Ez,Hz) = Im(EC,HC). (614)

This procedure is repeated in each time step until the steady state is reached. The scattering properties
are then obtained from the time-domain field data.

The accuracy of this approach is validated through several FSS examples. A thick, double-
concentric loop FSS is shown in Figure 6.6a with all dimensions provided in the caption. FDTD
computed results for a transverse electric (TE) incident plane wave at an elevation angle of 60° are
plotted in Figure 6.6b [11]. The resonant frequency is accurately computed in comparison with that
from method of moment (MoM) analysis. The general behavior of the FSS near the resonance is
captured.

The stability condition of the Sine-Cosine method remains unchanged regardless of the incidence
angles because it uses the conventional Yee’s algorithm. However, a major concern is the computa-
tional efficiency. This method deals with PBCs from a single-frequency perspective. Thus, it loses
the wideband capability of the FDTD method. To improve the computation efficiency, a split-field
technique is described next.
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FIGURE 6.6 A thick double concentric square loop FSS analyzed using the FDTD method. (a) A single unit cell
of the periodic FSS with dimensions d = t = 1/16Ty, W; = 0.875Ty, and W, = 0.6875T,; and (b) reflected power
from the FSS for a TE wave incident at an angle of 8 = 60° and ¢ = 0°. (From Maloney, J. and Kesler, M.P., Analysis
of Periodic Structures, Computational Electrodynamics: The Finite Difference Time Domain Method, Artech House,
Boston, MA, 2000. With permission.)
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6.4.3 Oblique Incidence: Split-Field Method

Based on the field transformation technique [12], a split-field method is proposed to analyze periodic
structures [13]. To explain the essence of this method, let us assume that a TM” plane wave is incident
on a 2D material that is periodic in the x-direction, as shown in Figure 6.4. To account for the phase
shift along the x-direction, a set of auxiliary fields are introduced as follows:
P, = Eze_jkxx/r]Ox
Qx = er—jkxx’
Q, = Hye /&, (6.15)

where 1) is the wave impedance of free space. After this transformation, the boundary conditions of
auxiliary fields on the opposite boundary wall are as simple as

Pz(x = 0) :Pz(x :Px))
Qx(x=0) = Qu(x = px),
Qy(x=0) = Qy(x = px). (6.16)

Difficulties of the field transformation technique arise when substituting Equation 6.15 into
Maxwell’s curl equations:

wsrPZ ~ @ _0Q, sin 0

C  ox oy TeTe %
jw}ler :_aPz,
C oy
. ”rQy 8PZ . sin@
— = —P,. 6.17
17¢ ax ¢ C (6.17)

It is noticed that the time derivative (jw < 0/dt) appears on both sides of the equations. In addi-
tion, the right-hand sides are no longer spatially aligned to the Yee’s cell. Therefore, the conventional
leapfrog algorithm is not applicable now. Instead, a split-field update algorithm is proposed to solve
the above equations. The auxiliary fields P and Q are each split into two parts:

P, =P!+P], Q =Qp+Q.,
&P 0Q, 09Q, . WQy aP,
w = — — = —

C 0x dy 1°7c ox’
_sin®

b sin 9

Q}/’ Q)/ - pr

The Yees lattice is used to discretize the computation domain, and time/spatial derivatives are
calculated by the central difference scheme. It is important to point out that a dual time grid is
introduced in this technique, i.e., each field component of P and Q is computed at every half time step.

The split-field method has been implemented to analyze a number of periodic structures. For
example, the scattering property of a PBG structure is presented here. Figure 6.7¢. shows four rows of
Pyrex rods illuminated by an oblique incident plane wave [13]. The parameters of the rods and lattice
are the same as the one shown in Figure 6.5. Both the measured and computed transmission coeffi-
cients at a 20° incident angle are plotted in Figure 6.7b. A good agreement between simulation and
experiment results is obtained. When the incident angle increases to 20°, the resonance frequency
also increases as compared to Figure 6.5b.

The numerical stability of the split-field method is always a key concern. Since a new, updating
algorithm is used in Equations 6.17 and 6.18 instead of the conventional leapfrog method, the stability

Pb

z &

P,. (6.18)
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FIGURE6.7 A PBG crystal analyzed using the FDTD method. (a) A plane wave obliquely incident on a PBG crystal
that consists of four rows of Pyrex rods; and (b) magnitude of transmission coefficient at an incident angle of 20°.
(From Roden, J.A., Gedney, S.D., Kesler, M.P.,, Maloney, J.G., and Harms, P.H., IEEE Trans. Microwave Theory, Tech.,
46(4), 420, 1998. With permission.)

constraint (Equation 6.6) is changed as well. A simple and conservative stability limit obtained from
the maximum velocity in a cubic grid is given by

CAt < 1-sin@

Ax — D
where D is the dimensionality of the problem. For normal incidence, this stability condition is the
same as in Equation 6.6. As the incident angle increases, the required time step size must become
smaller. When the incident angle is close to the grazing angles such as 85°, the time step is so tiny
that the FDTD simulation time is prohibitively long. Figure 6.8 shows how the stability limits of the
split-field technique vary with the incident angle [10].

Besides the aforementioned three PBCs, a number of genius ideas have been proposed in the last
decade to formulate the PBC in various forms. For example, the use of multiple unit cells is one way
to solve the difficulty of the requirement of future time-domain data [14]. Angle-update method is
another approach based on memorizing data in a buffer [10].

In addition to the scattering analysis, PBCs are also used in antenna array designs. For example,
a 6 x 9 stacked microstrip patch array is analyzed in [15] and the active reflection coefficient is

(6.19)
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FIGURE 6.8  Stability limit of the split-field technique varies with the incident angle. (Reproduced from Taflove, A.
and Hagness, S., Computational Electrodynamics: The Finite Difference Time Domain Method, Artech House, Inc.,
Norwood, MA, 2000. With permission.)

obtained. Furthermore, a finite dipole array is demonstrated in [10], and the blind scan angle is identi-
fied. Due to the page limits, these diverse PBCs and their numerous applications cannot be discussed
here. Interested readers are suggested to find more information in [10].

6.5 A Unified Spectral FDTD Method

FDTD method for waveguide analysis was discussed in Section 6.3 and scattering analysis was dis-
cussed in Section 6.4. In 2004, a novel FDTD/PBC approach was introduced that was capable to
simultaneously analyze both the guided wave property and the plane wave property of periodic
structures in a simple and unified manner [16,17]. This section presents the basic concept and imple-
mentation issues of this unified spectral FDTD method and its applications in soft/hard surface
characterizations (Figure 6.9).

6.5.1 Basic Concept of the Unified Spectral FDTD Method

Electromagnetic properties of periodic structures vary with the angle and polarization of an incident
wave. For a general structure that is periodic in the x- and y-directions, let ky represent the free
space wave number, k, denote the propagation constant along the x-direction, and k, denote the
propagation constant along the y-direction.

L Ifk2 + kf, > k3, the incident wave is a guided wave along the horizontal direction and it
decays in the z-direction. The eigenmodes and eigenfrequencies of the structure are of
special interest.

2. If k2 + k; < k}, the incident wave is a plane wave propagating along a direction denoted

by k = &k, + yky + zk., where k, = \/kj - k% — k2. The reflection and transmission
coefficients need to be characterized.
Therefore, if we keep (k, k) as constants and vary the frequency from zero to a high value, the
incident wave starts in the guided wave region and ends in the plane wave region. The idea of setting

(kx, k) as constant has been used in Section 6.3 for guided wave analysis. However, what is the
physical meaning of constant horizontal wave numbers in the scattering analysis? See Equation 6.9
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FIGURE 6.9 A new FDTD model for periodic structure analysis using the spectral FDTD technique.

to obtain the incident angle 0 of a plane wave as follows:

K (6.20)

0 =sin”

For a fixed (ky, k), varying the frequency or k; in the plane wave region will result in different
incident angles.

In contrast to the split-field method that calculates the electromagnetic behavior at a given
incident angle but different horizontal wave numbers, the unified spectral FDTD method simulates
the electromagnetic behavior at given horizontal wave numbers but different incident angles. The
advantage of choosing a constant k, is recognized from the transformation of Equation 6.8 into the
time domain, while a very simple PBC is obtained:

E(x,3,2.0) = E(x + pos 1o 6) epjkeps), 6o
H(x,y,z,t) = H(x + px, ¥, 2, t) exp(jkx px )- ’

Note that exp(jk,px) is a constant number in Equation 6.21 resulting in complex values for both
E and H fields. It is clear from Equation 6.21 that no time delay or advancement is required in this
equation. This PBC can be considered as an extension of Equation 6.7 that applies to both the guided
wave region and the plane wave region [18,19]. Actually, the Sine-Cosine method is a special case of
Equation 6.21, since the propagation constant is also a constant in Equation 6.13 for a given frequency
and incident angle.

The applicability of this PBC can be understood using the principle of superposition. For a given
k., the time-domain equation (Equation 6.21) is true for each frequency component. Therefore, when
a wideband pulse is launched into a linear system, Equation 6.21 still holds by the superposition of
all frequency components.
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6.5.2 Implementation Issues

The implementation procedure of the unified spectral FDTD method is similar to the normal
incidence case, which is also a special case in Equation 6.21 with k, = 0. The electric and magnetic
fields are computed as follows:

* In the interior of the computational domain, the conventional Yee’s scheme is used to
update the electromagnetic fields.

* At the periodic boundaries of the computational domain, Equation 6.21 is used to update
the EM fields instead of Equation 6.11.

Several important issues need to be considered during the implementation. The first one is the plane
wave excitation. In Section 6.4, the total field/scattered field (TF/SF) technique is used to excite plane
waves. Both the incident electric and magnetic fields are incorporated on the virtual connecting sur-
face that separates the computational domain into the total field region and scattered field region,
as shown in Figure 6.4. When this technique is applied with constants (k, k), a difficulty arises
regarding the incident angle. For example, if a TE* wave illuminates upon a periodic structure, the
tangential incident fields Eiync and HI™ are expressed below:

Ej,“c(x,y, z9) = B,
H(x, 7,20 + Az/2) = Ef* [no - /442 cos 6. (622)

It is noticed that the H, component depends on the incident angle. Since in the proposed algorithm,
k., is fixed and the incident angle 6 varies with frequency, it is not easy to transform H) into the time
domain. To solve the difficulty, an alternative excitation technique is used: only the E, component
is added on the excitation plane for the TE” case. As a consequence of this one-field excitation tech-
nique, the plane wave is launched to propagate not only into z < z, region but also into z > z, region.
Thus, the entire computational domain becomes the total field region, and there is no scattered field
region, as shown in Figure 6.9. A similar strategy applies for the TM” case: only the H, component
is added on the excitation plane. For general polarizations, it is required to break it up into TE and
TM components, but both components can be excited and computed simultaneously.

The second issue is the parameter extraction. An observation plane is set in the computational
domain to collect the tangential electric and magnetic fields. Considering the horizontal phase delay,
the total E and H fields on the surface are extracted as follows:

ES = J\E(x)y)ej(kxx"'ky)/)ds)
N

H, = | H(x, y)el 02 ds. (6.23)
N

Then, the impedance on the observation plane is calculated by taking the ratio of E and H fields,

E
Zs = I (6.24)
Similar to the transmission line theory, the reflection coefficient can be calculated as follows:
Zi-7Z
r=-"° (6.25)
Z s T ZO

where Z, is the tangential wave impedance of the incident plane wave in free space. For TM and TE
plane waves, the wave impedances are

k2

ko No»

ko

ZM = ZyF = 7 No- (6.26)
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Above equations not only apply in the plane wave region, but also can be used for surface wave
analysis. In the surface wave region, k, is an imaginary number and Zj, is also imaginary. When the
calculated reflection coefficient in Equation 6.25 becomes infinity, the corresponding frequency is
the eigenfrequency for the periodic structure. It is important to point out that higher Floquet modes
exist in periodic structures. These modes can be extracted from Equation 6.23 by replacing (ky, k)
with (kx + m-2n/py, k, +n-2n/p,).

The third issue is the eigenmode resonance [20]. When the plane wave and surface wave are ana-
lyzed simultaneously, one encounters the resonant time-domain data. At the eigenfrequencies, the
surface waves are guided along horizontal directions. The energy exiting the computation domain
at boundary x = p, reenters the domain at boundary x = 0 following the PBC in Equation 6.21.
Consequently, the time-domain data does not come down to zero, and a resonance behavior is
observed. As a result, the Fourier transformation cannot be used to obtain the accurate frequency
domain features. To solve this problem, the auto-regressive moving average (ARMA) estimator in
the signal processing area is implemented here to process the time-domain data. The analyzed struc-
ture is considered as a linear system, and the early time-domain data is used to derive the transfer
function of the system. Using the ARMA estimator, the frequency domain data can be obtained accu-
rately and efficiently. In addition, the eigenfrequencies can be directly obtained from the poles of the
transfer function.

It is worthwhile to emphasize several important advantages of this new approach. First, the new
algorithm is easy and straightforward to implement. In contrast to the field transformation methods
that use auxiliary fields P and Q, the new approach computes E and H fields directly. No compli-
cated discretization formulas need to be derived, and the traditional Yee’s updating scheme is still
valid. Another advantage of the new algorithm is the efficiency in calculating the scattering at large
incident angles. The stability condition of the proposed algorithm remains unchanged regardless of
the horizontal wave numbers or incident angles. Finally, this new algorithm is consistent with the
guided wave analysis method, which provides an opportunity to combine the surface wave and plane
wave analysis in a single FDTD simulation [20].

6.5.3 Application in Soft/Hard Surface Analysis

A corrugated surface can be realized by adding metal walls to a grounded dielectric slab, as shown
in Figure 6.10. This surface operates as a soft surface and a hard surface for waves propagating along
the x- and y-directions, respectively. This artificial structure has been used in waveguide designs and
profiled horn antennas.

The TM and TE impedances of the surface are calculated at several k, and k, values. Since no loss
is assumed in the FDTD simulation, the real parts of the impedances are zero and the imaginary parts
are plotted in Figures 6.11 and 6.12. When the incident wave propagates along the x-direction, the TE
impedance has a small value, whereas the TM impedance has a large value in a certain frequency
range, which indicates a soft operation that stops the wave propagation. It is interesting to notice that
both TM and TE impedances are almost independent of the wave number (incident angle). When the
wave propagates along the y-direction, the TE impedance is large and the TM impedance becomes
small, which represents a hard operation that allows the wave to propagate. For y-propagated waves,
the wave impedances are sensitive to the wave number (incident angle) [21].

6.6 Finite Source on Periodic Structure

In previous sections, we presented techniques of using PBC in the FDTD method so that only a
single periodic element needs to be modeled. However, all of the previous implementations assume
that periodic structures are illuminated by planar electromagnetic signals. That is, these methods
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FIGURE6.10 Geometry of a corrugated soft/hard surface. Let ¢ = 4mm, ¢ = 1mm, h = 5mm, and ¢, = 4.0. (From
Aminian, A., Yang, F, and Rahmat-Samii, Y., IEEE Trans. Antenn. Propag., 53(1), 18, January 2005. With permission.)
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FIGUREG6.11  Surface impedances of the corrugated structure for waves propagating along the x-direction. (a) A low
TE impedance and (b) a high TM impedance are obtained, which indicate a soft operation.

are valid when the incident electromagnetic signal is also periodic and infinite in nature. For some
applications in which electromagnetic responses from finite-sized sources are required, “brute-force”
FDTD simulations were performed [22]. In these brute-force simulations, rather than using a single
periodic element, many repetitive cells are used to approximate the structure’s infinite extension.
Often, at least 20 unit cells are required in the directions where the infinite repetitions exist. However,
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FIGURE 6.12 Surface impedances of the corrugated structure for waves propagating along the y-direction.
(a) A high TE impedance and (b) a low TM impedance are obtained, which indicate a hard operation.

such an approximation truncates the actual domain, which could lead to a significant reflection from
truncated boundaries. In addition, this approach also requires significantly more computer memory
and CPU time as compared with the modeling of a single periodic element.

The purpose of this section is to present a novel FDTD method to analyze the interaction between
arbitrarily finite-sized electromagnetic sources over infinite periodic structures. The approach
described here is based on a spectral FDTD scheme. In this approach, the original finite-sized electro-
magnetic source is naturally expanded into the sum of series of periodic array sources. This technique
is referred to as the ASM, and its frequency-domain approach has been well discussed in several liter-
atures [23-28]. Instead of using complex numerical evaluation of the periodic Green’s function that
is performed in the frequency-domain ASM approach, we propose to use the time-domain modeling
technique in combination with the spectral domain PBC.

6.6.1 ASM-FDTD Theory

Consider an arbitrary periodic structure schematic as shown in Figure 6.13, where a and b are the
periodicities along the x- and y-directions of this periodic structure. A finite electromagnetic current

-
source with a distribution of ] (x, y, z, t) is located above the periodic structure. The unit cell where

b e L L L L L L L L L
R A Lk b A A L A A A LTk X

FIGURE 6.13  Planar periodic structure schematic. The distances between unit elements are a and b in the x- and
y-directions, respectively. An arbitrarily shaped source is placed over a unit element, and this element is denoted as
the (0,0)th unit element.
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the source is located is denoted as the (0,0)th unit cell. Once this is accomplished, the solutions are
obtained by the following methods.

1. Perform multiple periodic spectral FDTD simulations using the following boundary pairs
to find the field E* (kx, ky,x,y,z, t) in the (0, 0)th unit element excited by the infi-

nite periodic source array J (x, y,z, k, k,) corresponding to different wave numbers of
kyand k,,

E(x+a,y+b,zt)=E(x,y,2t)exp(—jkea) (-jk,b),

H(x+a,y+b,zt)=H(x,y,21t)exp (~jkea) (—jkyb) . (6.27)

2. Integrate all of the harmonic responses E* (kx, ky,x,y,z, t) to obtain the total field in
the (0,0)th unit cell [29],

ab +n/b+m/a
E(x,y,2,t) = o}’ [ B (kekyx, .2, 1)k dky. (6.28)
-n/b-n/a

3. Add a complex phase shift to the integration to find the solution in the (1, n)th element
E(x+mxa,y+nxb,zt)
+n/b+n/a

(21'[) f/b f/ (ks kyox, 3, 2,t) exp (~jkema) exp (= jkynb) dk,dk,.

(6.29)
6.6.2 ASM-FDTD Algorithm Properties

It is important to understand the numerical properties of this algorithm before efficiently applying
it to any practical problem. In this section, the radiation field of a y-polarized electric dipole source
with a current strength of 1 A in free space is first analyzed (see Figure 6.14). A sinusoid signal with

500 T
: Analytical solution I
O EDTD solution !
, === ASM-EFDT
A _ 400 SM-EDTD 8x8 E
£ \
= \
~ 300 |
= |
& \
o ]
£ 200 \
2 \
2 \
35| N,
y 100
b
< » Ba s e
x 0 ; : : . i
0 1 2 3 4 5

Distance from the source (\)

FIGURE 6.14 (Left) Periodic setup for algorithm analysis. (Right) The electric field distribution along the AA’

line calculated by different methods. 8 x 8 means that eight sampling points are used in the interval described in
Equation 6.28.
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an operating wavelength of A = 0.1m is launched and placed at the origin. To apply the PBC, the
computational domain is divided into a series of periodic cells in the x-y plane. The dimension of
each cell in the x- and y-directions is a = A¢/2,b = A\o/4, and the ASM-FDTD is performed only on
the (0,0)th cell, in which the source is located. For comparison, the conventional FDTD method with
the same spatial resolution is also used in the same problem. In order to evaluate the far-field region,
a much larger computational domain 10.5\ x 5.25), in the x-y plane is included in the simulation
of conventional FDTD.

The magnitude of the electric field radiated by this dipole source is sampled starting from the
origin and moving up to 5\¢ away (see AA’ line in Figure 6.14), and this is plotted in Figure 6.14.
The analytical, conventional FDTD and ASM-FDTD solutions are given here. Increasing the spectral
sampling rate for both k, and k, by the order of power of 2 for each step, the results for three different
rates are obtained (Figure 6.14). It is not surprising to find that the FDTD solution has excellent
agreement with the analytical solution because the spatial sampling rates for all of the directions are
dx = dy = dz = \¢/20, and the dispersion error is already minimized. Using the same mesh grid
size, when the segment number is # = 8 for both k. and k, decompositions, the field, especially in
the far-field region, shows significant deviation from the analytical and FDTD solutions. When the
sampling rate is doubled, the error drops dramatically, but only a few oscillations to the left in the far
field. After doubling the sampling rate once more, no noticeable difference can be observed between
the ASM-FDTD result and the analytical and FDTD solutions. This phenomenon can be explained
by the aliasing distortion.

It is also important to see the effect of the aliasing distortion on the time-domain response.
At this time, the excitation becomes a modulated Gaussian pulse function of exp (—O.S(t ~1)?/ 02)
sin(2n fyt), and the parameters are fo = 3GHz, o = 3/(n- BW), and t, = 40. BW here refers to the
bandwidth of the Gaussian pulse with the unit hertz. The field is sampled at the point, which is Ay /4
away from the origin on the AA’ line.

From Figure 6.15a, it can be observed that the solution of ASM-FDTD is almost identical with
that of FDTD upto t = 2.5 ns even when the sampling rate index # is only 8. However, as the signal
continues to propagate in free space, the responses excited by adjacent image sources begin to inter-
fere with the field at ¢ ~ 2.5ns. When ¢ is larger than 3 ns, the interference error cannot be neglected
because a high level of distortion as observed in Figure 6.15b could dramatically affect the calculation

400 - - 50 ' v
—— FDTD —— EDTD
300} —=—=ASM8x8 |- —==ASM8x8
—-—=ASM 16x 16 === ASM 16x 16
= 200+ +  ASM32x32|4 = * ASM32x32
£ £
Z 100} 2
S =t
& 0 & 0
9 9
- $—
S —-100+ k3]
2 2
[ [
-200
-300 'i
—-400 i I I L i -50 | - 1 L I I s L
1 1.5 2 2.5 3 3.5 4 2 3 4 5 6 7 8 9 10
(a) t (ns) (b) t (ns)

FIGURE 6.15 Time-domain waveform of electric field sampled at the point that is \¢ /4 away from the origin on the
AA’ line: (a) time axis from 1 to 4 ns; and (b) time axis from 2 to 10 ns.
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of frequency domain response. If we increase n to 16, the noise is obviously reduced but only after
n exceeds 32, and the distortion effect from the image sources can be regarded as having the same
level of background noise. This example reveals the fact that in the time-domain simulation using the
ASM-FDTD method, the spectral sampling rate must be carefully selected according to the length
of simulation time.

6.6.3 Numerical Examples

To validate our proposed 3D ASM-FDTD algorithm, several numerical examples are described
below. We use FDTD (m x n) to denote the brute-force FDTD result that includes m unit cells in
the x-direction and # unit cells in the y-direction. For the solution of the ASM-FDTD method,
ASM-FDTD (m x n) refers to the sampling rates in the spectral domain.

The first example investigated here is a photonic band structure of the square lattice with a dielec-
tric cylinder that was first reported in [30]. It consists of a periodic alumina (¢, = 9) cylinder array
that is exactly filled into the holes drilled on a Styrofoam (e, = 1.04) support plate. The whole sub-
strate is embedded between two perfect conductor plates with a distance of 1 cm between them. Each
alumina cylinder has a radius of 0.48 cm, and they are separated by a = 1.27 cm in both the x- and
y-directions. The conductor loss in the alumina cylinder and Styrofoam support are both negli-
gible. To observe the wave-propagation behavior, we placed an E,-polarized, infinitesimal electric
dipole in the geometry origin (0,0,0) and then sampled the electric fields at (10a,0,0) and (10a,10a,0).
A wideband Gaussian pulse is excited and transmitted by the electric dipole in a 0.4 mm, discretized,
uniform grid of Yee’s cell space (Figure 6.16).

Figure 6.17a shows the time-domain waveform that is received at the observation point 1, obtained
by the FDTD and ASM-FDTD simulations. It is clear that before t = 3ns all the results match
very well with each other. After this time, the solution of FDTD that includes only 32 x 32 unit
cells in the computational space begins to deviate from the other solutions due to early boundary
reflection. The same phenomenon can be observed for the FDTD (50 x 50) solution at the time
t = 4ns. We performed the Fourier transform on this waveform and normalized it to the field of free
space emission, and also plotted its frequency-domain propagation characteristic in Figure 6.17b.
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FIGURE6.16 A 2D photonic band structure of the square lattice with dielectric cylinders. (a) Top view; and (b) side
view and a single dielectric cylinder.
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FIGURE 6.17 Comparison of simulation results by the FDTD and ASM-FDTD methods at the observation point 1.
(a) Time-domain waveform; and (b) magnitude of normalized E field.

The figure reveals the fact that boundary reflection affects low-frequency energy transmission
very much.

The second example is a periodic cross-dipole array shown in Figure 6.1¢. In this example, the
length and the width of each dipole strip is 36 mm x 9 mm. The center spacing between cross-dipole
elements is 45 mm in both the x- and y-directions. The structure is illuminated by an infinitesimal
electric dipole source with unit strength, and polarized in the x-direction, located 120 mm above the
center of the (0,0)th unit structure. In the simulation, the FDTD mesh size becomes 3 mm in the
x-, y-, and z-directions. Again, a modulated Gaussian signal with a center frequency of 3 GHz and a
bandwidth of 2 GHz is launched from the dipole source.

Figure 6.19 shows the time-domain waveform comparison at a receiving point that is 45 mm below
the periodic structure. As we can see from the figure, in the time domain the results of all the methods
agree very well at the early time instances upto ¢ = 4 ns. However, the brute-force FDTD result that
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36 cm

FIGURE 6.18 A periodic cross-dipole array. (a) Configuration; and (b) detailed view and parameters of a unit cell.
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FIGURE 6.19 Comparison of time-domain FDTD and ASM-FDTD simulated waveforms at an observation point.
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FIGURE 6.20 Comparison of normalized E fields of FDTD and ASM-FDTD solutions. (a) Magnitude; and
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includes a smaller number of unit elements starts to deviate from the other two solutions significantly
due to the early boundary-reflection effect.

Based on this time-domain waveform, the magnitude and the phase of the normalized transmitted
electric field as a function of frequency at the observation location is shown in Figure 6.20a and b.
Using Equation 6.29, the field at the location that is offset by a distance of five unit elements in both
the horizontal directions is also computed and plotted. It is not surprising to see that the ASM-
FDTD solution tracks with that of the brute-force FDTD, which has larger truncated space, very
well again, although the difference between two FDTD solutions is small in this case. We do not
observe the fluctuation in FDTD but in the ASM-FDTD result. This may be because, in this example
the horizontal-resonance effect that we talked about in [19] plays a more important role than the
reflection error due to the FDTD boundary termination.

6.7 Conclusions

Time-domain electromagnetic modeling techniques are presented for the analysis of periodic struc-
tures. After reviewing the basic FDTD principles, techniques for implementation of the PBC in the
FDTD method are discussed. To take advantage of the periodic nature of metamaterials, novel time-
domain algorithms formulated in the spectral domain are proposed. Using such implementations,
simulations are carried out in the complex domain, which is particularly suitable for stable FDTD
methods involving incidence angles near grazing. Some properties of these proposed algorithms are
presented in this chapter. Numerical examples are used to demonstrate the effectiveness of proposed
approaches. The memory usage of these methods is drastically lower than that of a standard FDTD
implementation, which has to discretize a large portion of the periodic structure to avoid truncation
effects.

References

1. A.Tafloveand S S. Hagness, Incident wave source conditions, Computational Electrodynamics: The Finite
Difference Time Domain Method, 2nd edn., Artech House, Boston, MA, 2000.

2. K. S. Yee, Numerical solution of initial boundary value problems involving Maxwell’s equations in
isotropic media, IEEE Trans. Antenn. Propag., 14, 302-307, 1966.

3. B. Engquist and A. Majda, Absorbing boundary conditions for the numerical simulation of waves,
Math. Comput., 31, 629-651,1977.

4. G. Mur, Absorbing boundary conditions for the finite-difference approximation of the time domain
electromagnetic field equations, IEEE Trans. Electromag. Compat., 23, 377-382, 1981.

5. J. P. Berenger, A perfectly matched layer for the absorption of electromagnetic waves, J. Comput. Phys.,
114, 185-200, 1994.

6. S. D. Gedney, An anisotropic perfectly matched layer absorbing media for the truncation of FDTD
lattices, IEEE Trans. Antenn. Propag., 44,1630-1639, 1996.

7. S.Xiao, R. Vahldieck, and H. Jin, Full-wave analysis of guided wave structures using a novel 2-D FDTD,
IEEE Microwave Guided Wave Lett., 2(5), 165-167, May 1992.

8. A. C. Cangellaris, M. Gribbons, and G. Sohos, A hybrid spectral/FDTD method for electromagnetic
analysis of guided waves in periodic structures, IEEE Microwave Guided Wave Lett., 3(10), 375-377,
October 1993.

9. F Yang, A. Aminian, and Y. Rahmat-Samii, A novel surface wave antenna design using a thin
periodically loaded ground plane, Microwave Opt. Technol. Lett., 47(3), 240-245, November 2005.

© 2009 by Taylor and Francis Group, LLC



6-24 Theory and Phenomena of Metamaterials

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21

22.

23.

24.

25.

26.

27.

28.

J. Maloney and M. P. Kesler, Analysis of periodic structures, Computational Electrodynamics: The Finite
Difference Time Domain Method, 2nd edn., A. Taflove and S. Hagness (eds), Artech House, Boston,
MA, 2000.

P. Harms, R. Mittra, and W. Ko, Implementation of the periodic boundary condition in the finite-
difference time-domain algorithm for FSS structures, IEEE Trans. Antenn. Propag., 42, 1317-1324,
1994.

M. E. Veysoglu, R. T. Shin, and J. A. Kong, A finite-difference time-domain analysis of wave scattering
from periodic surfaces: Oblique incidence case, J. Electromagn. Waves Appl., 7,1595-1607, 1993.

J. A. Roden, S. D. Gedney, M. P. Kesler, J. G. Maloney, and P. H. Harms, Time-domain analysis of peri-
odic structures at oblique incidence: Orthogonal and nonorthogonal FDTD implementations, IEEE
Trans. Microwave Theory Tech., 46(4), 420-427,1998.

J. Ren, O. P. Gandhi, L. R. Walker, J. Fraschilla, and C. R. Boerman, Floquet-based FDTD analysis of
two-dimensional phased array antennas, IEEE Microwave Guided Wave Lett., 4,109-112, 1994.

G. M. Turner and C. G. Christodoulou, FDTD analysis of periodic phased array antennas, IEEE Trans.
Antenn. Propag., 47, 661-667, April 1999.

A. Aminian, F. Yang, and Y. Rahmat-Samii, Surface impedance characterizations using spectral FDTD
method: A unified approach to analyze arbitrary artificial complex surfaces, 2004 URSI International
Symposium on Electromagnetic Theory, Pisa, Italy, May 23-27, 2004.

A. Aminian, F. Yang, and Y. Rahmat-Samii, Bandwidth determination for soft and hard ground planes
by spectral FDTD: A unified approach in visible and surface wave regions, IEEE Trans. Antenn.
Propag., 53(1), 18-28, January 2005.

A. Aminian and Y. Rahmat-Samii, Spectral FDTD: A novel technique for the analysis of oblique
incident plane wave on periodic structures, IEEE Trans. Antenn. Propag., 54(6), 1818-1825,
June 2006.

E Yang, J. Chen, Q. Rui, and A. Elsherbeni, A simple and efficient FDTD/PBC algorithm for periodic
structure analysis, Radio Sci., 42(4), RS4004, July, 2007.

E Yang, A. Elsherbeni, and J. Chen, A hybrid spectral-FDTD/ARMA method for periodic structure
analysis, 2007 IEEE Antennas and Propagation Society International Symposium, Honolulu, HI, June
10-15, 2007, pp. 3720-3723.

P.-S.Kildal, Artificially soft and hard surfaces in electromagnetics, IEEE Trans. Antenn. Propag., 38(10),
1537-1544, Oct. 1990.

C. Luo, S. G. Johnson, and J. D. Joannopoulos, All-angle negative refraction without negative effective
index, Phys. Rev. Rapid Commun., B65, p. 201104, 2002.

C.P. Wu and V. Galindo, Properties of a phased array of rectangular waveguides with thin walls, IEEE
Trans. Antenn. Propag., 14, 163-173, 1996.

B. A. Munk and G. A. Burrell, Plane-wave expansion for arrays of arbitrarily oriented piecewise linear
elements and its application in determining the impedance of a single linear antenna in a lossy half-
space, IEEE Trans. Antenn. Propag., 27, 331-343, 1976.

E Capolino, D. R. Jackson, and D. R. Wilton, Mode excitation from sources in two-dimensional
PBG waveguides using the array scanning method, IEEE Microwave Wireless Comp. Lett., 15(2),
49-51, 2005.

E Capolino, D. R. Jackson, and D. R. Wilton, Fundamental properties of the field at the interface
between air and a periodic artificial material excited by a line source, IEEE Trans. Antenn. Propag.,
53(1), 91-99, 2005.

E. Capolino, D. R. Jackson, D. R. Wilton, and L. B. Felsen, Comparison of methods for calculating the
field excited by a dipole near a 2-D periodic material, IEEE Trans. Antenn. Propag., 55(6), 1644-1655,
June 2007.

E Capolino, D. R. Jackson, and D. R. Wilton, Field representations in periodic artificial materials, in
Handbook of Artificial Materials, Chapter 12, Vol. I. Taylor & Francis/CRC Press, Boca Raton, FL.

© 2009 by Taylor and Francis Group, LLC



FDTD Method for Periodic Structures 6-25

29. J. A. C. Weideman, Numerical integration of periodic functions: A few examples, Am. Math. Mon.,
109(11), 29-36, 2002.

30. P.T.Suzuki, K. L. Yu, D. R. Smith, and S. Schultz, Experimental and theoretical study of dipole emission
in the two-dimensional photonic band structure of the square lattice with dielectric cylinders, J. Appl.
Phys., 79(2), 582-594, 1995.

© 2009 by Taylor and Francis Group, LLC



Polarizability of Simple-Shaped
Particles

71 Introduction ...............oooiiiiiiiiiiiiiiii, 7-1
7.2 Static Electric Response of a Simple Scatterer......... 7-1
73 Other Inclusion Shapes...............ccooiiiiin i 7-6

Regular Polyhedra « Circular Cylinder « Semisphere
Double Sphere

74 Conclusion........coviiiiiiiii i 7-10
Ari Sihvola Acknowledgment .........coooiiiiiiiii 7-10
Helsinki University of Technology References .. .oovvvniee e 7-10

7.1 Introduction

In this chapter, basic material modeling questions are discussed with a focus on the polarizability of
dielectric particles. Polarizability is a very important concept in the analysis of macroscopic dielec-
tric properties of heterogeneous media. Special emphasis is given to the manner how geometric and
surface characteristics affect the response of matter inclusions. This review presents results for the
dielectric response and discusses the surface-geometrical parameters of various particle polarizabil-
ities that are important in the modeling of material effects in the context of metamaterials. Because
of the generality of the electric modeling results, many of the results are, mutatis mutandis, directly
applicable to certain other fields of science, like magnetic, thermal, and even (at least analogously)
mechanical responses of matter. The correspondence between different fields of physics permits such
a transfer but also defines its limitations. Since many of the polarizability results are also relevant
from the metamaterials point of view, the analogy also paves way to carry the whole metamaterials
paradigm beyond the domain of electromagnetics.

7.2 Static Electric Response of a Simple Scatterer

The response of an individual, well-defined inclusion can be solved from the electrostatic problem
when the object is placed in vacuum and exposed to a uniform static electric field. The effect of this
inclusion, or scatterer, is that the uniform field becomes distorted. The perturbation of the field is
concentrated into the vicinity of the scatterer.

To find order into this perturbation in the field structure, it is usually expanded in a multipo-
lar form. There the strongest field component is due to an effective dipole, which decays with a
dependence of the distance to the inverse third power. The amplitudes of the higher multipole fields
(quadrupole, octopole, etc.) decrease with faster rates as the distance from the scatterer increases.

7-1
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7-2 Theory and Phenomena of Metamaterials

A homogeneous dielectric sphere is the basic shape in scattering problems. The response of a
homogeneous, isotropic, dielectric sphere in a homogeneous, uniform electric field in vacuum is
extraordinarily simple: it is a dipolar field. And the internal field of the sphere is also uniform,
directed along the exciting field and of an amplitude dependent on the permittivity. No higher-order
multipoles are excited.

The homogeneous internal field E; as a function of the exciting, primary field E. reads [1,2]

= _3e0 (71)
€+ 2¢€g
where
€ is the (absolute) permittivity of the spherical object
€p is the free-space permittivity

The polarization density induced within the sphere volume is (€ — €¢)E; and since the dipole
moment of a scatterer is the volume integral of the polarization density (dipole moment density),
the dipole moment of this sphere is

360
€+ 2¢€p

p=(e-eo) E.V (72)

where V is the volume of the sphere. Then we can write the (absolute) polarizability of the sphere
Qs> which is defined as the relation between the dipole moment and the incident field (p = aapsEe ):

€—€p

Aaps = 3€0V (7.3)

€+ 2€p

In the modeling of dielectric materials, the polarizability is a very useful concept. However, even if
for a sphere with homogeneous excitation, the polarizability and the induced dipole moment fully
characterize the field behavior outside the scatterer, the whole story about the response of an arbi-
trary scatterer is not told. In the case of inclusion of shapes other than spherical, also quadrupolic,
octopolic, and even higher-order multipoles are created (and in the case of dynamic fields, the list of
multipole moments is much longer, see [3] for a concise treatment of these). A more accurate name
for the polarizability we are now discussing (a,ps ) would be dipolarizability.

Nevertheless, the dipolarizability is the most important of the multipole moments. The dipole is
the lowest-order multipole except the monopole, which is not present in this type of polarization
problem with globally neutral particles. A monopole requires net charge.

The absolute definition of the (di)polarizability a.ps carries information about the following
properties:

* Size of the inclusion

* Permittivity of the inclusion

* Shape of the inclusion
In addition, the dimension of the absolute polarizability includes that of the absolute permittivity. But
as can be seen from Equation 7.3, the dependence on volume is trivial. The bigger the volume of the

inclusions, the larger is its electrical response. A more characteristic quantity would be a normalized
polarizability a, which for the sphere reads

Aabs :3€r_1
eV € +2

(7.4)

where the division with the free-space permittivity €, leaves us with a dimensionless quantity. Note
also the use of the relative permittivity of the sphere €, = €/eq.
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With this polarizability, the response of matter distils to the very essentials. It is a response quantity
of the most basic three-dimensional geometrical object with one single material parameter, permit-
tivity. And still, this response function is by no means trivial. Some of the properties of this function
are very universal.

The behavior of the polarizability as a function of the material permittivity is shown in Figure 7.1
for positive permittivity values. In the limiting cases, the normalized polarizability saturates to the
value 3 for large permittivities and to the value —3/2 for the zero-permittivity.

Even if the behavior in Figure 71 looks monotonous, there is much physics inside it. In addition,
very interesting phenomena can be observed when the permittivity is allowed to become negative.
Figure 7.2 shows the behavior in this case.

In Figure 7.2, one phenomenon overrides all other polarizability characteristics: the singularity
of the function for the permittivity value e, = 2. This is also obvious from Equation 7.4. This is the
electrostatic resonance that goes in the literature under several names, depending on the tradition: in
electromagnetics, microwave engineering, optics, and materials science, the terminology is different.
The singularity is also known as surface plasmon or Frohlich resonance [4].

0 5 10 15 20 25 103 102 10! 100 10! 102 103

€ €

FIGURE 7.1 The polarizability of a dielectric sphere for positive values of the relative permittivity with linear and
logarithmic scales. Note the negative values for the polarizability for permittivities less than that of free space. The
symmetry of the polarizability behavior in the two limits (high-permittivity or “conducting’, and zero-permittivity or
“insulating”) can be seen from the right-hand side curve.

40

20

-20

-40

FIGURE 7.2 The polarizability of a dielectric sphere when the permittivity is allowed to be negative as well as posi-
tive. The resonance at €, = —2 dominates the curve in the linear-amplitude plot (left), but if the amplitude is shown
logarithmically (right), the zero-crossing at €, = 1 becomes prominent.
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7-4 Theory and Phenomena of Metamaterials

The behavior of the negative-permittivity resonances for small-sized scatterers is an interesting
topic in plasmonics [5]. Even if such media form a large class of metamaterials [6], let us focus in the
following on positive permittivity values. Phenomena in the material response within this regime are
also worth studying [7].

The formula for the polarizability of the sphere is enlightening in the respect that the a(e, ) function
displays certain properties that can be easily derived from the mathematical form in Equation 7.4. Yet,
these properties are universal in the sense that they also apply to dielectric objects of other shapes; at
least when the three-dimensional average of the response is concerned.

From the normalized polarizability a(e, ), for the permittivity value €, = 1, we can write down the
following:

* The quasitrivial observation that transparent particles have zero polarizability:
a=0, fore =1 (7.5)

* The slope of the function is unity at this point:

0
¢z 1, fore, =1 (7.6)
de;
* Also there exists a condition for the second derivative:
d%a 2
—=——, fore =1 7.7
5 3 r (7.7)

r

There are not many shapes that are less simple than the sphere, but are still analyzable in closed form.
Ellipsoids are, however, such geometries. Because the internal field of a homogeneous ellipsoid in
a constant electric field is also constant, the polarizability can be written as an explicit function of
the shape of the ellipsoid and its permittivity. The amplitude of this field is naturally linear to the
external field, but there also exists a straightforward dependence of this field on the permittivity of
the ellipsoid and of a particular shape parameter, the so-called depolarization factor. Note, however,
that the field “external” to the ellipsoid is no longer purely dipolar. In the vicinity of the boundary
there are multipolar disturbances whose amplitudes depend on the eccentricity of the ellipsoid.

Let the semiaxes of the ellipsoid in the three orthogonal directions be a,, a,, and a,. Then
the internal field of the ellipsoid (with permittivity €), given that the external, primary field E. be
x-directed, is (a generalization of Equation 7.1)

€0

EE=———E. 7.8
€0+ Ny(e—¢p) 78)

where N, is the depolarization factor of the ellipsoid in the x direction, and can be calculated from

[e)

axa,a, ds
N, = | (7.9)
20 (stad)y/(s+ad)(s+a})(s+a)

For the depolarization factor N, interchange a, and a, in the above integral. Similarly, in the case
of N, interchange a, and a,.
The three depolarization factors for any ellipsoid satisfy

N, +N, +N, =1 (710)

Due to symmetry, a sphere has three equal depolarization factors of 1/3. For prolate and oblate
spheroids (ellipsoids of revolution), closed-form expressions can be written for the depolarization
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factors [2,8]. The limiting cases of spheroids are a disk (depolarization factors (0, 0, 1)) and a needle
(depolarization factors (1/2, 1/2, 0)).

The polarizability components can be written using the field relation (Equation 7.8). In this case,
where the spherical symmetry is broken, the polarizabilities are different for different directions. In
the x-direction the polarizability component reads

e —1

T 14 Ni(er 1) 1)

Ox
and the corresponding expressions for the y- and z-components are similar with obvious replace-
ment of N, by the depolarization factor in the respective direction. The depolarization factor affects
the amplitude of the polarizability, and indeed, this relation allows quite strong deviations from the
polarizability of the spherical shape.

For a simple example, consider the limits of very large or very small permittivities. For e, — oo,
we have a, = N% And the other limit is a, = —ﬁ for e, - 0. Depending on the depolarization
factor values, these polarizabilities can vary in a very strong manner. Exploiting this property in a
synthesis problem, it provides a possibility to design media with a very strong, effective macroscopic
permittivity, using extremely squeezed ellipsoids, at least if the field direction is aligned with all the
ellipsoids in the mixture.

A mixture composed of aligned ellipsoids is macroscopically anisotropic. But also an isotropic
mixture can be generated from nonsymmetric elements (like ellipsoids) by mixing them in random
orientations in a neutral background. Then the average response of one ellipsoid is one-third of the
sum of its three polarizability components:

1

€ —1
Oave = = P (7.12)
e 3 i=§2 1+ N;(e, —1)

Figure 7.3 displays the effects of the shape of the ellipsoids on the averaged macroscopic response.
One-third of the sum of the three orthogonal polarizability components is plotted against the

7 T T )
= = Disk like -
61 |eeee Needle like s |
——— Sphere ’

-3 L L .

1072 1071 100 10! 102

FIGURE 7.3 The average polarizability of a dielectric ellipsoid (one-third of the normalized polarizabilities in the
three orthogonal directions) for spheres (smallest), elongated (depolarization factors 0.1, 0.45, 0.45; middle curve), and
flattened (depolarization factors 0.8, 0.1, 0.1; highest curve).
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permittivity for different ellipsoids. We can observe that the deviation from the spherical form of the
inclusion enhances its dielectric response, as for high-permittivity inclusions the sphere response is
smallest; then comes the elongated (needle-shaped) inclusion, and the highest response is that from a
flattened spheroid. It is also worth observing that in the complementary direction (the permittivity of
the inclusion is less than that of vacuum), the situation with respect to the magnitude of the response
is the same; only then the polarizability is negative.

The geometry of a sphere is indeed a “minimum” geometry. In other words, with a given amount
of dielectric material, in a spherical form, it creates the smallest dipole moment, and every devi-
ation from this shape increases its polarizability. Here polarizability has to be understood in the
average three-dimensional sense. Of course, some of the polarizability components of an ellipsoid
may be smaller than that of the sphere of the same permittivity and volume; however, the remaining
components are so large that the average overrides the sphere value. For theoretical analysis on this
phenomenon in the literature, see [9,10].

A slight but perhaps essential difference can be observed in the curves of the figure. On the high-
permittivity side, the curves for the needle and the disk differ strongly from the sphere curve (and
would go to infinity for ideal needles and disks with depolarization factors (1/2, 1/2, 0) and (0, 0, 1),
respectively). On the other hand, on the low-permittivity regime the situation is different: the disk
curve separates from the sphere and needle curves. It seems that to have a strong response for
zero-permittivity inclusions, it is not enough to have objects with zero curvature in one dimension
(needles) but in two orthogonal dimensions (planar disks).

Polarizability is a truly powerful concept and tool in analyzing the dielectric response of single
scatterers. It is also very useful in computation of the response of dielectric mixtures as a whole. The
classical homogenization principles starting from Maxwell Garnett [11], following through Brugge-
man [12], over to the modern refined theories take advantage of the polarizabilities of the particles
that form the mixture.

7.3 Other Inclusion Shapes

It seems that for geometrical shapes other than the ellipsoid, the electrostatic solution of the particle
in the external field does not have a closed-form solution. In such cases one must resort to computa-
tional approaches. With various finite-element and difference-method principles, many electrostatics
and even electromagnetic problems involving small inclusions of matter can be solved with almost
any desired accuracy (see, e.g., [13,14]).

For a homogeneous scatterer with an arbitrary shape, a very efficient way to solve the field prob-
lem and the polarizability is through an integral equation for the potential on the surface. Such an
equation for the unknown potential function on the surface of the inclusion ¢ in this electrostatic
problem reads as follows [15]:

e +1
2

€r
4

Pe(r) = o(r) + ;lsjcp(r’)aan,( ! )ds’, ron$ (713)

e |

where
S is the surface of the inclusion
¢ = —E.z is the potential of the incident field
¢ is the total potential on the surface

The outward normal to the surface is n’ at point r’. Equation 713 is a Fredholm integral equation

of the second kind. Expanding the unknown function with piecewise elements, the solution can be
computed with the method of moments [16]. The dipole moment comes from
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p= —(er—l)eefcp(r)n ds (714)
N

and consequently the polarizability a can be enumerated by renormalization with E..

For an arbitrary object, now there are new geometrical parameters that define the inclusion and
affect the polarizability, in addition to the permittivity [17]. One of the interesting questions in con-
nection with the material design is how the specific geometrical and surface parameters correlate with
the amplitude of the polarizability. A systematic study into this problem would require the numeri-
cal electrostatic analysis of many different scatterer shapes. In addition, one must remember that for
nonsymmetric, anisotropic-type shapes one needs to distill the trace (or the average of the compo-
nents) of the polarizability dyadic, which in the end would be a fair quantity to compare with the
canonical shapes.

In the following, the polarizabilities of some important shapes are presented, for which a closed-
form solution of the Laplace equation does not exist except in the form of infinite series. And again,
in the normalized form of the polarizability, the linear dependence on the volume of the inclusion is
taken away, and the effect of geometry is mixed with the effect of permittivity.

7.3.1 Regular Polyhedra

The five regular (Platonic) polyhedra are very symmetric shapes: tetrahedron, hexahedron (cube),
octahedron, dodecahedron, and icosahedron. They all have in common with the sphere the polariz-
ability dyadic is a multiple of the unit dyadic. In other words, the three eigenvalues of polarizability are
equal. One single parameter is sufficient to describe the dipole moment response. Of course, higher-
order multipolarizabilities are also present in increasing magnitudes as the sharpness of the corners
of the polyhedra increases. In this sense the symmetry of Platonic polyhedra is not as complete as
that of the sphere.

The dielectric response of regular polyhedra has been solved with a boundary-integral-equation
principle in [16]. There, an integral equation for the potential is solved with the method of moments
[18], which consequently allows many characteristic properties of the scatterer to be computed.
Among them the polarizabilities of the five Platonic polyhedra have been enumerated with a very
good accuracy. Also regression formulas turned out to predict the polarizabilities correct to at least
four digits. These have been given in the form [16]

3 2
€. + pr€; + p1€ —
€t + q3€2 + €2 + g€ + Uoo

a=del(e —1) (7.15)

where
P1> P2, 15 92> 43 are numerical parameters
ao and ag are the computationally determined polarizability values for €, - oo and €, — 0,
respectively

Of course, these parameters are different for all five polyhedra. At the special point €, = 1, the con-
ditions (Equations 7.5 through 7.7) are satisfied for all five cases. See also [7] for the connection of the
derivatives of the polarizability with the virial coeflicients of the effective conductivity of dispersions,
and the classic study by Brown [19] on the effect of particle geometry on the coefficients.

The polarizabilities of Platonic polyhedra are shown in Figure 7.4 as functions of the permittivity.

From these results it can be observed that the dielectric response is stronger than that of the sphere,
and it seems to be stronger for shapes with fewer faces (tetrahedron, cube) and sharper corners, which
is intuitively to be expected. Sharp corners bring about field concentrations, which consequently lead
to larger polarization densities and to a larger dipole moment.
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FIGURE7.4 The polarizabilities of regular polyhedra and a sphere. Note that the curve for a sphere is always smallest
in magnitude, and the order of increase is icosa, dodeca, octa, hexa, and tetra (which has the highest curve). (From
Sihvola, A., J. Nanomater., 2007, 9, 2007.)

7.3.2 Circular Cylinder

Another basic geometry is the circular cylinder. This shape is more difficult to analyze exhaustively
for the reason that it is not isotropic. The response is dependent on the direction of the electric field.
The two eigendirections are the axial direction and the transversal direction (which is degenerate
as in the transverse plane no special axis breaks the symmetry). Furthermore, the description of
the full geometry of the object requires one geometrical parameter (the length-to-diameter ratio),
which means that the two polarizability functions are dependent on this value and the dipolarizability
response of this object is a set of two families of curves depending on the permittivity.

The polarizabilities of circular cylinders of varying lengths and permittivities have been computed
again with the computational approach [20]. Approximative formulas can be written to give a practi-
cal algorithm to calculate the values of the polarizabilities. In [20] these formulas are presented as dif-
ferences to the polarizabilities of spheroids with the same length-to-width ratio as that of the cylinder
under study. Spheroids are easy to calculate with exact formulas (Equation 7.11). Since they come close
to cylinders in shape when the ratio is very large or very small, one can expect their electric response
also to be similar, and the differences to vanish in the limits. Obviously the field singularities of
the wedges in the top and bottom faces of the cylinder cause the main deviation of the response from
that of the spheroid. Note also [21] and the early work on the cylinder problem in the U.S. National
Bureau of Standards (references in [14]).

An illustrative example is the case of “unit cylinder” A unit cylinder has the height equal to the
diameter [22]. Its polarizability components are shown in Figure 7.5. There, one can observe that its
effect is stronger than that of a sphere (with equal volume), but not as strong as that of a cube.

7.3.3 Semisphere

One further canonical shape is a dielectrically homogeneous semisphere (a sphere cut in half
gives two semispheres). However, the electrostatic problem, where two dielectrically homogeneous
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FIGURE 7.5 A comparison of the polarizability of a unit cylinder and a cube. The unit cylinder has different
responses to axial and transversal excitations; here one-third of the trace of the polarizability is taken. Both curves
are relative to a sphere with the corresponding volume and permittivity. (From Sihvola, A., J. Nanomater., 2007, 9,
2007.)

domains are separated by semispherical boundaries, leads to infinite series with Legendre functions.
The polarizability of the semisphere cannot be written in a closed form. However, by truncating
the series and inverting the associated matrix, accurate estimates for the polarizability can be enu-
merated [23]. This requires matrix sizes of a couple of hundred rows and columns. Furthermore, a
semisphere as a rotationally symmetric object has to be described by two independent polarizability
components. It is nevertheless more “fundamental” than a cylinder because no geometrical parameter
is needed to describe its shape.

The axial (z) and transversal () polarizability curves for the semisphere resemble those for the
other shapes. The limiting values for low and high permittivities are the following:

a~ 21894, a;~ 4.4303, (e — o0)
a,~-2.2152, a,~-13685 (e —0)

Note, here the larger high-permittivity polarizability in the transversal direction compared to the
longitudinal, which is explained by the elongated character in the transversal plane of the semisphere.
In the e, = 0 limit, the situation is the opposite: a larger polarizability for the axial case (larger in
absolute value, as the polarizability is negative).

7.3.4 Double Sphere

A doublet of spheres is another important geometrical shape that is encountered in modeling of
random media. When an isolated sphere in a mixture gets into the vicinity of another sphere, espe-
cially in the small scales, the interaction forces may be very strong, and the doublet of spheres can
be seen as a single polarizing object. Even more, two spheres can become so close in contact that
they merge and metamorphose into a cluster. Such a doublet can be described with one geometrical
parameter: the distance between the center points of the spheres divided by their radius. The value
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2 for this parameter divides the range into two cases: whether the doublet is clustered or separate.
Again, this object is rotationally symmetric and needs to be described by two polarizabilities, axial
and transversal.

A solution of the electrostatic problem with double-sphere boundary conditions is not easy
[24-26]. It requires either a numerical approach or a very complicated analysis using toroidal
coordinate system. Several partial results have been presented for the problem [27-29], but only
recently a full solution for this problem [30] and its generalization [31] have appeared.

In both limiting cases of the double sphere (the distance of the center points of the spheres goes
either to zero or very large), both the normalized polarizability components of the double sphere
approach the sphere value (Equation 7.4). And obviously, the polarizability components deviate from
the sphere value to the largest degree when the distance between the centers is around two radii
(the distance for maximum deviation depends on the permittivity of the spheres). For the case of €,
approaching infinity, the case of touching spheres has the following analytical properties [9,29]:

9
@ = 60(3) ¥ 7212, ar=-{(3) ¥ 2705 (716)

with the Riemann Zeta function. Here the axial polarizability (z) is for the case that the electric field
excitation is parallel to the line connecting the center points of the two spheres, and if the field is
perpendicular to it, the transversal (t) polarizability applies.

7.4 Conclusion

A detailed knowledge of the polarizability of inclusions with basic shapes gives valuable information
about the way how such building blocks contribute to the effective dielectric parameters of a conti-
nuum. Many models for the macroscopic properties of matter replace the effect of the particles in the
medium fully by its polarizability. It is to be admitted that for complex scatterers this is only a part
of the whole response, which also contains near-field terms due to higher-order multipoles that are
characterized by stronger spatial field variation close to the scatterer. Nevertheless, dipolarizability
remains the dominant term in the characteristics of the inclusion. In this respect, the results of the
present chapter are hopefully helpful for modeling of complex materials.

A Web site for interactive Java-applet to calculate the depolarization factors and polarizability com-
ponents for inclusions of many basic shapes is located in the URL address of the Helsinki University
of Technology: http://www.tkk.fi/Yksikot/Sahkomagnetiikka/kurssit/animaatiot/dipolapplet/.
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The single dipole approximation for modeling finite and periodic collections of nanoscatterers is
summarized and discussed in this chapter. Special attention is given to arrays of nanospheres peri-
odic in one and two dimensions. Different expressions for polarizability reported in the literature are
summarized, discussed, and tested against a pure numerical method. It is shown that the use of the
polarizability, taken from the exact value of the Mie coefficient, provides the best comparison with
full-wave results. We also consider the modeling of periodic arrays of nanoparticles excited by a plane
wave and by a single dipole via the array scanning method (ASM).

8.1 Introduction

Consider a collection of N nanoscatterers (nanoparticles) placed at positions r,,, n =1,..., N shown
in Figure 8.1. N can be finite or infinite. We will use bold face symbols for vectors and a hat will tag
unit vectors.

We show how to model the electromagnetic response of the collection of nanoscatterers to an
external source and how to determine the modes supported by the ensemble. It is known that if the
size of a particle is much smaller than the wavelength, its response to an external field can be easily
evaluated if the polarizability of the particle is known. The subwavelength particle can be assumed to
be immersed in a locally homogeneous electromagnetic field, and its response is described in terms of

8-1
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FIGURE 8.1 Structure consisting of particle. (a) Particles modeled by a couple of induced electric and magnetic
dipoles; and (b) particles modeled by electric dipoles.

its induced dipole moments [1-3]. Though, in general, one assumes the field response of the particle
expressed in terms of dipolar and multipolar fields, for small size scatterers one can often consider
only the lower orders and neglect the higher order. Here, we use only the first (lowest) order, and thus,
the field generated by the particle is represented as the combination of the electric p, and magnetic
m, dipole moments to characterize the nth particle [4-9]:

Pn=9,- Elnoc T hom Hlnoc’ (8.1)
m, =, B+ a,, H. '
Here, E!°° and H!°¢ are the local electromagnetic fields acting on the nth particle (the field produced
by all the other particles, i.e., excluding that produced by the nth particle itself), and a;;, i, j = e, m
are the polarizability tensors of the particle [10]. However, depending on the geometry and nature of
the particle, one of the dipole moments can be dominant and the other can be neglected.

For example, as a first approximation, which has been recognized as satisfactory for several pur-
poses, metallic nanospheres at optical frequencies are usually treated as electric dipoles (Figure 8.2a)
[11-26]; however, consideration of both electric and magnetic dipoles would improve the accuracy of
the analysis [4-8]. Due to the promising applications and simplicity of fabrication, structures made of
nanoparticles have received considerable attention in the past years. Among them, the nanosphere
geometry has been highly considered because of the simplicity of its modeling [4-8,11-28], as we
show in this chapter. Metallic nanoellipsoid (Figure 8.2b) can also be described by an induced elec-
tric dipole [17,29,30], and its polarizability must be described by a dyadic expression. For certain
scattering elements, it is the magnetic polarizability that is dominant. An example of elements with
dominant-induced magnetic dipole is shown in Figure 8.3 [31,32].

The dipole approximation is an important technique for the analysis of structures made of
nanoparticles, as it helps to gain physical insight into the phenomena disregarding minor features
from a significantly more involved full-wave analysis. It has been widely used for the analysis of finite
structures [12-17,27,30], as well as for structures periodic in one [4-6,18-22,33,34], two [7,8,23-25],
and three [7,8] dimensions. The technique has also helped to discover various interesting properties
of wave physics in nanostructures.

In this chapter, we consider the single dipole approximation for finite and periodic collections
of spherical metallic nanoparticles at optical frequencies. Various expressions for the polarizability
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FIGURE 8.2 Metallic nanospheres and ellipsoids modeled by electric dipoles at optical frequencies.
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FIGURE 8.3 Loop-like nanoparticle that possesses dominant-induced magnetic dipole.

of a nanosphere are given and tested. It has been shown that the precise value of polarizability, from
the Mie theory, provides the best comparison with a full-wave analysis. We provide a framework
to analyze any collection of nanoscatterers, periodic and nonperiodic, considering also the case of a
single dipole excitation, by using the ASM technique, shown in Chapter 12 of this book [35], and here
summarized in Section 8.3.2.

8.2 Single Dipole Formulation for Modeling Collections
of Spherical Nanoparticles

In an isotropic medium, spherical nanoparticles can be characterized by their induced electric
dipoles:

pn = aEanC, (8.2)
where
a is the electric field polarizability of a spherical nanoparticle

E!°¢ is the local field acting on the nth particle, which accounts for the fields produced by all
the other sources, excluding the field produced by the nth particle itself
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In general, the single dipole approximation significantly simplifies the models of structures made
of nanoparticles and it is an efficient tool to make initial predictions. However, it is important to
understand the limitations of this approximation. Besides the restriction on the size of a modeled
nanoparticle, whose overall size should be much smaller than the ambient wavelength, the distance
between the scatterers is of great importance as well, as shown below and in Section 8.4. The dipolar
model should not be used in the case of touching or very close particles, as in this case, the inter-
action of the multipolar fields of the particles becomes significant. In [28], it has been shown that
the single dipolar model is appropriate when a < d/3, where a is the radius of a nanoparticle and
d is the center-to-center distance between nanoparticles. For the sake of illustration, in Figure 8.4,

s(k)

FIGURE 8.4 Dispersion curves for surface-plasmon bands propagating along a chain of spherical nanoparticles
under a near-field approximation. Lines correspond to a full multipolar analysis. Open circles and squares represent
results of single dipole approximation. (a) a/d = 0.25, (b) a/d = 0.33, (c) a/d = 0.4, (d) a/d = 0.45, (e) a/d = 0.49,
and (f) a/d = 0.5. On the abscissa, instead of k (as in the original plot) there should be kd, the normalized longitudinal
propagation wave number. (Reprinted from Park, S.Y. and Stroud, D., Phys. Rev. B, 69, 125418, 2004. With permission.)
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a comparison of results obtained by the dipolar and multipolar approaches is shown, both evaluated
with the near-field approximation (where the light velocity is set to be equal to infinity, or alterna-
tively, the hosting material wave number, k = w, /€[, is set to zero, where € and i are the permittivity
and permeability of the host medium) for a linear array (chain) of nanospheres with different ratios,
a/d. Although the near-field approximation used in [28] leads to significant errors, this example is
useful to have an idea of the impact of the ratio, radius/distance, of the spheres on the accuracy of the
results. The dispersion curves in Figure 8.4 are represented in terms of the variable, s = €}, / (&n = €m)>
where €, and ¢, are the relative permittivities of the sphere material and the host medium, versus
the normalized longitudinal propagation wave number k (the abscissa in the plot in the original
paper [28] is k, though it should be kd, the normalized propagation wave number). The variable s can
be considered to be the frequency variable, as the relative permittivity of the metal &,, is frequency
dependent. Note that the authors of [28] use k for the longitudinal wave number (therefore k deter-
mines the propagation constant along the chain), whereas this symbol is commonly used, also in the
rest of this chapter, as for the wave number in the homogeneous material hosting the nanoscatterers.

The larger the radius a of the spheres (normalized with respect to the spheres’ distance d), the
larger the error of the single dipole approximation technique, and it becomes inadmissible when
a/d = 0.45, which represents the case of almost touching